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Abstract The dynamis of couplirg betwer spectrun and resolvetunder -perturbatiors of
operato and matrix specta are studiel both theoreticajl and numerically The phenomeno of
non-trivid pseudospecirencountere in thee dynamis is treated by relating information in the
compl& plare to the behaviou of operatos and matrices On a numbe of numericaresuls we
shav how an intrinsic blerd of theol with symbok and numericd computatios can be used
effectivel for the analyss of spectréproblens arising from engineerig applications.

1. Introduction
The information on spectra of matrices and operators has primary importance in
many branches of engineering sdences. In particular, this information is
indispensable in analysing stability of mechanical systems, fluid flows, and
dectronic devices. It is at the heart of spectral-type (induding pseudospectral)
methods widdy used for approximations of differential and integral operators
arising from engineering applications (Fornberg, 1996; Quarteroni and Valli, 1997).
The study of eigenvalus has been revolutionisél by the ready availability
of computirg power Surprisirg results however are quick to appea in
engineerig practiceand presemwell-known yet non-trivial, difficulties. These
difficulties often corre from the following standad procedue applied to the
stability analyss of mary engineerig problens (Baggetit al.,1995):

we linearise the mathematicamodé abou a known solutian (e.g about
thelamina flow for the Navier-Stoksequations);

then we diagonali® the resulting operates (using the Schmidt
factorisation)and

finally, weuseeigenvalusto analysthestability of thesystem.

A variant of this procedue is often usel in the solutian of evolutionay non-
linear partia differentid equatiors by the methal of lines (MOL) which leads
typically toanon-linea ODE:

yo f.t;yt A1t
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Thenonecanapply alinearanalysislocally for agiven,isolatedsolutiony (t) of
this equationand considertrendsof small perturbations The analysisis then
reducedto the investigationof the linear, variational equation(Ascherand
Petzold1998):

2% At yiz;

where
. @.
@

It hasbeenwell-knownfor a long time that theselocal proceduresnay fail to
predict correctlythe evolutionof the system,and the main reasonfor sucha
failure has beenusually attributed to the linearisationprocedure However,
recentresultsin fluid dynamicsmagneto-hydrdynamicsandotherareashave
clearly indicatedthat the increaseof spectralinstability (i. e.the departureof
linearised operatorsor matrices from normality) gives another important
reasonfor the discrepancybetweentheoreticaland experimentalpredictions
(Baggettand Trefothen,1995Reddyetal.,1993ReddyandHenningson1993;
Trefethenretal.,1993).

Although nonnamal opeators and matrices have been encountered in
ergineering pradicefor a long time and the effects of nonnormality have been
wel-known to themathematicd community (see,for example,Henrici (1962) the
numbe of enginesling problens where this effect was of much cancem was
quite limited Indee, if the departure from narmality remains bounded (which
may ocu in the presence of a nearby defedive eigenvalue) the effect of non-
normality on the spectrum remains loal and a number of linear algeora
packages such as LAPACK are able to treat efficiently the ill-<conditioned
eigernvalues as a dustered group of eigenvalues. However, the effect of non-
normality on the spectrum of the operator/matrix may becanenon-locl. In some
applicaions, for example,it may happen when the departure fromnormality is
ruled by a physical parameter such asthe Reynolds or Peclet number. Another
area that brings probems that often requires dealing with opeators and
matrices on the edge of thdr spectral stahility is caupled field theory where
intercannection of physical fields of a different natureis esential in obtaining a
plausible picture of the phenomeron under consideration (Melnik, 198). This
class of problens is quite diverse and covers the range of applicaions from
samicanductor device simulationto dimate moddling (Menik and Mehik, 197;
Méenik, 198); Kerner, 198;Chatelin and Gade&-Thobie,1991)

To agreatextentdueto thereadyavailability of computempower(thatmade
many large-scalgroblemsin engineeringractable(Trefethen,1999;Melnik,
1998b)the numberof engineeringoroblemswherethe spectralinstability has
to be seriously dealt with continuesto grow. As the result, the computer
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analysis of spectral behaviour of operators and matrices under data

perturbationsandthe visualisationof the resultsof this analysisare obtaining

agrowingrecognitionn theengineeringgommunity.
Fromthemathematicapointof view this analysisis especiallymportant:

in the presencef an eigenvalueof algebraicmultiplicity k, k 2 that
admits less than k independenteigenvectors(called defective or
clustereckigenvalue);

in dealing with non-normaloperators/matricesfor which separated
eigenvalues exactarithmetictendto becoupledoy thefinite precision
computation.

In suchsituationsthe definitionof theill-conditioningmeasurey the standard
tools suchasthe conditionnumberbecomeoroblematic(Chaitin-Chatati and
Fraysse,1996),and thereforethe meaningfulnesof a computedeigenvalue
dependsstrongly on the informationon its stability. This informationcanbe
providedby “topological'neighbourhood®f eigenvaluesOf coursejn exact
arithmetican eigenvaluenasa topologicaldimensionDe = 0, but in the finite
precisionarithmeticit hasa positivefractal dimensionD; = 1 + 1/, whereD; 2
(0,1)and| arethe ascentof the defectivenessf this eigenvalugl > 1) (Chaitin-
Chatelin,1996).This dimensionalityof defectiveeigenvaluesn the computer
arithmetic leads to the possibility of displaying the spectral instability
occurringin engineeringoroblems.Using visualisationcapabilitiesof modern
computersit is possibleto study spectralinstability (inducedby the presence
of defectiveeigenvaluesyia measureghat quantify the departureof linear
operatorsor matricesfrom normality. This study, from both theoreticaland
numericalpointsof view, is themainfocusof this paper.

Weorganisedherestofthe paperasfollows.

In Section 2 we provide the reader with necessary mathematical
background,introduce -pseudosolution®f linear operator equationsand
explainthemathematicasourceof non-normality.

In Section3 we give examplesof engineeringproblemswhere the non-
normality of linearoperatorsand/ormatricedeadsto spectrainstability.

Absolute and relative measuresof spectral instability are discussedin
SectioM,wheretheeffectivenessf spectralportraitsin determiningregionsof
potentialinstability is demonstratedby severakexamples.

The connectiorbetweerthe stability andthe dichotomyof operatorspectra
andthe Cayleytransformtechniques exploredin Sectiorb. Our deliberations
in this sectionarebasedonthe Lyapunovmethodandthe assumptiorof strong
positivity of linearoperators.

Sectiorg is devotedto numericalproceduredor the constructionof spectral
portraits.

Somecomputationalresults are presentedin Section7. Conclusionsand
futuredirectionsarealsodiscussedhn this section.



2. Mathematical foundations
The ideaof couplingthe property of the algorithm with the arithmeticof the
computelis basedonthe notionof backwarderrorandcanbetracedat least40
yearsback (Hairerand Wanner,1996) New engineeringproblemsrequiring
reliable and robust computermethodsfor their solution have given a new
impetusto further developmenof this ideawithin thetheoryof finite precision
computationgChaitin-ChateliandFraysee1996).

Many engineeringproblemscan be written in the following genericform
(Morozov;1993):

Au” f; 2:11

whereA : U ! F is agivenoperatorwith domainof definitonD, U, U

andF aregivenmetric(Banachypacesf 2 F defineghesetofinput data,and
u 2 D, istheunknownvariablethat definesthe systemoutput. Sinceoperator
A is typically given only approximatly, elementu is computedwith error.
Therefore,from the computation point of view this problemis tied to the
problemof stablecomputationof valuesof (possiblydiscontinuouspperatorL

suchthat

g~ Lu; 2:21

whereL : D U ! G,Gisthegivenmetric(Banach§pace,and 2 D, .

In the generalcase(the connections obviouswhenA is alocally invertible
operator)problems(2.1)and (2.2)are closely connectedon the basis of the
notionof pseudosolution@iorozov,1993)

Ut~ fu2D: KkAuy fk:~ \i/g\ékAVykoQGA;; 2:31

whereD DaL DA\ D, 67;.

Anotherway of lookingat this situationis that thecomputedsolutionto (2.1)
canbeviewedvia the setof perturbedproblemssolvedexactly by & (Chaitin-
ChatelinandFraysse1996)

g¢” P.gth; 2.4t

whereg is apointin the spaceG of perturbeddata(parametespacepndP is a
perturbedoperatorP : G! U suchthat whenA is locally invertible we can
uniquelydeterminghevalueof u by theformula

u~ ALt P.gh .2:51

Providedthat the normon G andthe classG, of admissibledataperturbations

g 2 G are specified,we can definethe minimal distance(backwarderror)
betweenthe solution to the original problem(2.1)and the set of perturbed
solutionsdefinedby (2.4)asfollows

B.ot™ inffk gk: 02 G, P.gt gof" uwg .2:6t1
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Then,the setof -pseudosolutinsto the original problem(2.1)canbe defined
naturallyin termsof thebackwarderror

.ut” fg:B.gt g 2.7t

The notion of pseudosolutiorwas first introducedby V. Morozovin the late
1960s(seeMorozov(1993))n orderto reflectthe sensitivity of computational
schemedgo perturbations(including,but not limited to, finite precision)Since
thenthis notionandits variousmodificationshaveprovedto bevery usefulin
many branchesof scienceand engineeringFor example,in the context of
dynamical systemsan analogueof this notion ( -trajectories)was usedto
characterisea computed trajectories system which can be viewed as -
trajectories(seeChaitin-Chatelirand Fraysse(1996)and referencegherein).
Another examplearosefrom the solution of somespectralproblemsin linear
algebra and engineering where computation of individual eigenvalues
appearedo beproblematicThis ledin thelate 197040 the notionof -spectra
or pseudospectrdprmulatedindependentlyby severalresearcher¢Godunov
et al., 1992;Varah, 1979;Landau, 1977).lt was shown that the invariant
subspacesf non-normabperatorsand evenof moderate-sizmatricescanbe
extremelyill-conditionedWeexplainthis situationbelow.

In many engineeringapplicationswe deal with matricesthat have the
diagonalSchurform. The spectralrepresentatiorof such(normal)matricesis
stablewith respectto matrix perturbations and all matrix eigenvaluesand
eigenvectorgarewell-conditoned.In the generalcaseany matrix A (including
defectivepanberepresenteds

A~ XIXT .2:8t
whereJis the Jordanform and X is the Jordanbasisof matrix A. Using the
Schmidtfactorisationfor theJordarbasisX = QRwecanreducg2.8)o

A~ QSQ; 2.9t
whereS~ RJR listheSchurformof A. If

J° D3 S” DfS

where
D~ diag.AT; .2:10f

thenthe deviationmatricesJ and N canprovidethe key to somemeasureof
matrix non-normality.Indeed from (2.8)it followsthat in principletheremay
exist matrix A for which condy(X) can grow unboundedly(sincekdk, = 1).
Similarly,if cond(Q) is normalisedo 1,thenfrom (2.9)it followsthat kSk can
grow potentially without bound. In the next sectionwe give examplesof
engineeringproblemswyheresuchsituationsarise.



3. Spectral instability phenomenon in engineering applications
During recentyearsmuchattentionhasbeenpaid to the spectralinstability in
finite precisioncomputationsvhendealingwith non-normabperatorsSincea
necessaryand sufficient condition of normality is the admission of an
orthonormalbasis,the problemstemsfrom the fact that computedorthogonal
bases may appear to be far from mutually orthogonal within machine
precision. This leads to clusters of eigenvalues,the phenomenonwell
understoodnly whencond,(X) andthe ascent arebounded(or, alternatively,
whenkSk is bounded).

In many engineeringapplicationswe haveto dealwith familiesof matrices
that arisefrom the discretisatiorof differentialandintegraloperatordy finite-
elementfinite-differerceor spectralincludingpseudospécal) methodsThese
matricesdependoften on one or severalparameterssuch as the size of the
matrix (n), the Reynoldsnumber(Re)or the Peclemumber(Pe) Whenevethis
family of matricesis such that the ascentl of at least one eigenvalue(the
theoreticalpossibility of I ! 1 existsonly whenn! 1 ) and the condition
number of the Jordanbasis are potentially unbounded(alternatively kSk is
potentially unboundedunderthe parametewvariation, then suchmatricesare
usuallytermedashighly non-normal(Trefethen1992).

A non-exhaustivdist of engineeringapplicationswheresuchmatricesare
encounterethclude:

convection-diffu®n modelswherethe predictionsbasedon the exact
spectrumdependson the model analogueof the Pecletnumber and
could be misleadingin the convectiondominatedregion (Reddyand
Trefethen 1994 Gavrilyuk andMelnik,1998);

modelling of magneto-hydrdynamic (MHD) plasmawith a coupled
system(thatcombineghe Navier-Stokeand Maxwellequations)where
the lineariseddissipativeoperatorbecomesighly non-normabwith the
decreasef plasmaresistivity (Kerner,1989);

the study of dynamic responsesand optimisation in structural
engineering,for example,the modelling of self-inducedvibrational
motioninitiated by a sourceof energyexternalto the structure(known
asthe the flutter phenomeno (Braconnieret al., 1995)with a coupled
modelfor atorsionalvibration and a bendingmotionof awing in flight

(afamousTolosamatrix, availablefrom the Harwell Boeingcollection,
arisesin suchapplicationg Chaitin-ChateliandFraysse 1996));

computationafluid dynamicswherelinearisedoperatorgfor example,
the Orr-Sommerfeldperatorin the study of parallel shearflows as a
mechanisnof subcriticaltransition to turbulence¥or the descriptionof
someflow configurationgsuchasCouettdlow, planeandpipePoiseulle
flow) becomehighly non-normalwith the increaseof the Reynolds
number(Reddyet al., 1993;Reddyand Henningson1993;Baggettand
Trefethen1995);
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coupled field theory (Melnik and Melnik, 1997; Melnik, 1998b),
stochasticprocessesnodelling (Jonssorand Trefethen,1997),control
theory (Hinrichsenand Kelb, 1993) optical and electronicengineering
(Landau1977MelnikandMelnik,1997);

aerospacéndustry (Chatelinand Godet-Thobiel991Braconnieretal.,
1995pndotherengineeringpplications.

In many of the above examples, spectral instability comes from the
discontinuity of the spectrumwith respectto a parametemwhich comesfrom
physics,the numericalmethodor arithmetic.In someexamplesjn particular
thosefrom coupledfield theory, this parameterappearsnaturally dueto the
coupling of two or more physical (chemicalor biological)fields of different
nature.

The commonfeatureof all the aboveexampleds that onehasto dealwith
non-self-adjoinbperatorsand/or non-normalmatrices(i.e.with the situation
whenA A 6" AA ). Sincein suchcaseghe useof eigenvaluesnay leadto an
extremedistortion of the system state space,it may not be appropriateto
analyse such engineeringproblems in terms of eigenvalues/eigemctors
(Trefethen,1997)If short-timenature phenomenare well approximatedby
linearmodelg(despitehefactthat thelong-timebehaviourof the systemunder
consideratiormay require more complexnon-linearmodels)the eigenvalues
may give the wrong tool to the engineerlndeed,insteadof determiningthe
transientbehaviourof the system the spectralanalysiswill bedirectedto the
long-timebehaviourof a non-normalinear problem which may be misleading
in suchcasegTrefethen1997).

4. Incompleteness of information on behaviour of matrices and
linear operators from spectra or resolvents

As follows from a triangular SchurformS™ D 1 S (seg(2.10))the departure
from normality of the original matrix A (i. e. the ill-conditioning of spectral
decompositionjs determinedby the strictly triangular part of this matrix S,
whoseFrobeniushorm

V 0000000000000000000
ﬁ Xn X
Rk " &t

i"1j1
1.AT" KkSKg; AT
canbetakenasanabsolutemeasureof non-normaty. Sincein somecaseshe

valueof ;.ATtisnoteasilycomputableit ismuchmorecommorto useanother
absolutaneasurdhat followsdirectly from thedefinitionof non-normality,

2. AT" KAA § A Ak 42t

Since ,.At  2kAKZ,thelarge ,.AtimpliesthelargekAk..



A relative measureof non-normaty is typically definedwith the Henrici
number

oAt

He. At M,

A3t

which is easilycomputableand oftenthought of asthe numericalanalogueof
the Reynoldsnumberor the Peclehumberin fluid dynamics.The choiceof the
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normin (4.1)-(4.3)ecomesaturalif werecallthat the exactinformationabout
matrix behaviourcannotbe inferred from the spectralnorm of the resolvent
(kAk, "~ supfk Axk :  kxk, " 1g),andtheequivalence

kzly AP% " kzty BPY 'k () kp.Atk™ kp.Btk 8p2 . .44t

holdsin the Frobeniusput not in the spectralnorm (seeTrefethen(1999and
referencesherein)By , in (4.4we denotethe classof all polynomialsdegree
notexceeding.

In many applications the measures ,.At and He.At together with
contk.Atandcond,. X T (seg2.8)canprovidea goodinsightinto the problem
of non-normality Unfortunately eachof thesemeasureseparatelynay notbe
a reliable characteristicof non-normality, becausetheir large values may
simply indicate a presencenearby a multiple defective eigenvalue.The
connectionbetweenthese measuresfollows from their definitions and the
Smith'sinequality (Chaitin-ChatetiandFraysse 1996)

) 1 1=4
conch. Xt  kXk,kXY'k, 1% sHe.At Hes. AT, 451

whereHes. Atis the Henrici-Smitmumberof the matrix A. Howeverfor those
engineeringapplicationswhere the spectralinstability test is required,the
sensitivity analysis of the eigenvaluego the perturbations on A in the
spectralnorm hasto be includedinto the investigation(seeChaitin-Chatelin
andFrayssg(1996andreferenceso the Harwell-Boeingollectiongiventhere).
This analysiscan be conductedefficiently by using one of the mostreliable
measure®f spectralinstability calledpseudospecitra.

Definition4.1. Let A beagivenmatrix and > 0.The -pseudospectruraf
this matrix is calledthe set

AT" 226z AL O 461

wherek Ak, kAk,and ,; isaneigenvaluefmatrixA 1
It canbeshown(seeChaitin-ChaitlimndFraysse1996}hat
1

KAK, . ATt

At" 226G kAY zIP K,
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which in turn implies that the larger the set .At, the more unstablethe
eigenvalueof matrix A. We take this result as the basisfor the definition of
pseudospectraletsfor bothmatricesandlinearoperators.

Let A beaclosedinearoperatorin a BanachspaceX. Thenthe unionof all
regularpoints 2 CGoftheoperatorA (i.e pointsfor whichtheoperator | y A
is continuouslyinvertible)formsthe resolventsetof the operator, .At, which
is alwaysopen:

At f 26 .0y TP'2L.Xtg 48t
where L. X7 is the spaceof all boundedlinear operatorsA on X with the
domainX. If 2 .Af, thenthe linear operatorR .At~ ...1y At'!is the
resolvenofA.

Definition4.2. For each > 0the -pseudospectrurof A, .At,is defined
asthesetofall 2 Csuchthat

KAKk...I y AP 'k, L A9t

If, in addition to the assumptionanade,the operatorA 2 X is completely
continuousthenits spectrum, .AT, consistsof an at most countableset of
eigenvaluedpr whichtheonly limit pointmaybethepoint =~ O:

Thereforejn principlethe pseudospectraf linearoperatorA canbedefined
by eithertheclosedset(Gallesteyetal.,1997)

At z2 At kazly AP }[ AT 410t

ortheopenset(Davies1998).
Definition4.3.

I LAt" z2 G kazly AP > L [ At 411t

wherethe connectiorbetweerthesetwo setsis givenby the following theorem
(Chaitin-ChateliandHarrabi,1998).
Theoremd.1 If A is aclosedinearoperatorsuchthat thereis noopensetin
.AtonwhichthenormoftheresolvenibfA is constantthen

AT AT > 0 A2

The -pseudospectrunof the operatorA is continuousunder the notion of
uniform convergencéHarrabi,1998a)andif KA,y Ak! 0,whereA andA,,
n 2 N areboundedoperatordn X,thenthe spectrumof the operatorfamily A,
n 2 N is equalto thespectrumofA.



The contour lines of sets defined by (4.9) give the borders of the
-pseudospectraalledspectralportraits. Sincethe valuesof k.A y zIt 'k can
befairly largeevenwhenzis far away from eigenvaluesspectralportraits of
matricesaredefinedoy Godunov1991).

Definition4.4.The graphicaldisplayofthemap

zi' .zf; where .zt" log,ckAk, K.AYy zItk;: A3t

This map providesoneof the mostreliabletools for the analysisof spectral
instability (Chaitin-Chatelirand Fraysse,1996).0Owing to the possibility of
steepvariations of valuesin uniform scalesthe exponential(or logarithmic)
scales,such as (4.13),are usually preferredin the definitions of spectral
portraits. Sincethe eigenvalue®f A arethe polesof the resolvent. Ay zIt !
for z2 G, the dynamicbehaviourof thenormk.A y zIt 1k2 asz movesaway
from eigenvaluds oneof the major characteristicgor the spectralinstability
test. Indeed, from the engineering point of view one may expect
“pseudoresonant®r a non-normalsystemsincek.zl y Lt *k may be large
evenif zis far away from an eigenvalueThat is why pseudospectraan be
seenas a plot of contoursof equalresonancenagnitude wherethe real axis
correspondso forcingat realfrequencie¢Trefetheretal.,1993).

Two remarksaboutpossiblegeneralisationsfthe abovenotionsfollow.

Remark4.1.In a moregeneralsettingwe candefineseveraldifferenttypes
of pseudospectraf matrices such as norm-wiseand component-wisgsee
Fraysseand Toumazou(1998 pndreferencesherein).Sincethe bordersof the
latter are not easily computable(Chaitin-Chateti and Fraysse,1996),we
consideonly norm-wise -pseudospectra

N AT fz2 € kAy zP%, .. P
where

j Ak A4t

with the choiceof givenby the spectralnormof A, thatis ~ kAK,. This
reduceurconstructiongo (4.9).

Remark4.2. The abovenotionsof -pseudospeaiim and spectralportrait
can be easily expendedto matrix pencils (A,B) for generalisedeigenvalue
problemsencounteredn engineeringapplications(Fraysseand Toumazou,
1998).

Theintrinsic connectionbetween:

the spectrum .AT (determinedby the -pseudospectrunof A for
| 0%)andthe asymptoticbehaviourof A" (aswell asexp.tA1) in the
limitofn! 1 (respectivelyt! 1 );
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the numericalrangeof A (determinedy the -pseudospectruraf A for
I 1 )andtheinitial behaviourof A" (aswell asexp.tAT) in the limit
ofn! 1 (respectivelyt! 1)

arewell elucidatedn the literature (seefor example referencesn Trefethen
(1997))t appearshoweverthatfinite positivevaluesof , n (andt),ratherthan
their limiting values presentmajorinterestfor manyengineeringapplications.
A question of primary importance that arises in the context of such
applicationsis how the above connectionswill be affectedunder spectrum
perturbationscharacterisedy thevalueof 2 .0; 1t ; possiblyvery small.
We explain the fundamentalnature of this questionwith a simple,yet very
demonstrablexample.
Letusconsiderasimplehomogeneouearsystem

dx .

at AX 4:15¢
with a givenmatrix A. Assumingthat that theinitial conditionsmay be given

precisely the problemof dynamicstability for this modelis equivalentto the

investigationof -pseudospectruraf the matrix A. Indeedwe cannotextract
completanformationaboutmatrix behavioureitherfrom the spectralnorm of

the matrix or fromthenormofits resolventHoweverijt is reasonabléo usean

intrinsic connectionbetweenspectrumand resolventof matricesunder -

perturbations.The main theoreticalproblemconsistsof the fact that without

restrictionson , the absenceof practical dichotomyof the matrix spectrum
may be anticipated.This is a crucial point for many engineeringapplications.

Indeed,for the linear dichotomy there might exist such =~ ...t that the
perturbedmatrix A = At  withjj jj canhavein the left-half planea
number of eigenvaluedlifferent from the numberof points of the matrix A
spectéumlfthematricesb\“ .gjtand ~ ..;Taredefinedasfollows
<yoO5 700" 1,2...;24 A 22, A o
a° . 10 T ifLiC 12..23 10775 'Othjr‘\t’vjisel’
"0 otherwise, ’ '

then,thoughthematrix A hasonenegativeeigenvalue+0.5, of multiplicity 24
(wewill referto t@is.matrix as "Negative2), the eigenvalue®f the perturbed
matrix A (i.e. **10y 0:5) are shifted to the right-half plane, indicating
instability in the perturbedmodel:

dx .

o A X: 4161

This phenomenors demonstratedy Figure 1 wherewe presentthe surface
and pseudospdta plots of this matrix A (seethe upperrow). Any point from

the “insidé'region (or, equivalently,a “crater' regionin the 3D plot) in effect
can be consideredas an eigenvalueof the matrix A with corresponding
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Figure 1.
Surfaceand
pseudospectragblots of
the original (Negative-
24)and perturbed
matricesappearingin
systems(4.15)(4.16)

Matrix kAk, kAKk, kAk, kAke  Cond(A) Cond(A) He(A) Table |.
Matrix functionsand
Negative24 10.5 10.4959 10.5 48.0208 1.8543e32 1 0.2999 estimatesas candidates
Godunov 6,825 4.3223 6,825 6.563 4527617 2.477€l6 2.8202 for non-normality
Polynomial 2,613 4.17883 8,999 4.17883 1 1 325.2822 measures

accuracy.The surfaceplot and pseudospectraf a slightly perturbedmatrix,
definedby A~ At l.ey 9 rand.sizeA;2t1arepresentedn thelowerrow
of Figure 1. Essentialtopologicalchangesof the ~crater' regionunder matrix
perturbations require further investigation of the instability phenomenon.
UsingstandardMatlab commandswe computedsomecharacteristidunctions
and estimatedor this matrix. They aregivenin thefirst row of Tablel. Note
that the estimateof the 1-normmatrix conditionnumbermight resultin the
messagehat matrix is singularto working precisionlt is seerthat, unlike the
Henricinumber,neithercond,(A) nor cond,(A) can be reliable computational
characteristic®f matrix non-normality.

Similarexamplesanbeconstructedor any > 0,nomatterhowsmallit is
assumedto be. This implies that the use of computers(or the definition of
matricesapproximatey) turns the problemof investigationof matrix spectra
into theinvestigationof its pseudospectrandercertainlevelof :
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Of course, in many engineering applications the asymptatic stability of
ordinary differential equations (ODES), arising ether from immediate applications
or from the use of the MOL to partial differential equations, is extremey
important. However, in the computational solution of engineering problems we
often encounter transient phenomena that depend on how effects evolve over
many finite time steps. In such cases, nather numerical stability nor stiffness of
linear ODEs can properly be characterised in terms of the egenvalues of the
Jacobian, because these properties of the differential modeds are intrinsically
transient (Higham and Trefethen, 1993; Trefethen & al., 1993). In such situations
the engineering problem at hand may be better described and controlled in terms
of pseudospectra (or in some cases by pseudozeros of characteristic polynomials
(see Chaitin-Chatdin and Fraysse (1996) for details) rather than a spectrum.
Indeed, when the Godunov matrix (Godunov, 1991):

2 289 2; 064 336 128 48,367 2 16
1; 152 30 1312 75,984,758 288 128 3
20 23;444; 455 756 384 1,008 24 48
Ao” 512 128 640 0 &0 512 128
1;053 2:256 504 y384 756 800 208
{ 287 y16 1712 y128 1,98  y30 203
y 2; 176 {287 1,565 y512 Y541 Y1152 289

with distinct integer eigenvalues (namdy, O, 1, 2, 4)is used as input to
MATLAB-5s dg function, one real and three complex conjugate pairs are
reurned as egenvalues. Other numerical packages such as MAPLE,
MATHEMATICA, APL, do not do any better (see also Godunov e al., 1992;
Godunov, 1991). Worse yet, similarity transforms of the matrix, which
theoretically should leave the egenvalues invariant, produce matrices with quite
different eigenvalues. T his example demonstrates convincingly that without some
additional information on the matrix stability, engineering computations with
standard software packages may result in completely misleading condusions.
Thisisdemonstrated in Figure 2 wherewe present surface plot and pseudospectra
of the Godunov matrix (seethe upper row). Asin our previous example, any point
from the “crater” region (seethe upperd€ft plot) can be considered as an eigenvalue
of the Godunov matrix with given accuracy. Under perturbations the “inside’
region grows and the egenvalues move on the periphery of this region, far away
from the eigenvalues of the original matrix. This is dearly demonstrated by the
lower set of plotsin Figure 2, where all seven egenvalues are on the periphery of
the “crate™ region. Some candidates for measures of non-normality for the
Godunov matrix aregiven in the second row of Tablel. We condudethat, in cases
such asthis, condition numbers cannot providereiable characteristics for thenon-
normality property. Instead, a good candidate for the reliable measure of non-
normality in engineering practice could bethe Henrici number. In Section 7 wewill
study thequality of estimates based on the Henrici number.

Examples of a similar nature becomemore common in engineering
applicationsand include the Wilkinson matrices (Marquesand Tomazou,



1995),La Rosetype matrices (Chaitin-Chateli and Fraysse,1996),Tolosa
matrix (Braconnieret al., 1995),Pores3(Carprauxet al., 1994) the “Kahar'
matrix (Toh and Trefethen,1996),Toeplitz matrices(Reicheland Trefethen,
1992)amongothers.Important examplesexist in the study of hydrodynamic
stability wherethe smoothflow may beamplifiedby factorsof theorder1@ by
a linear mechanismeven though all eigenmodesdecay monotonically
(Trefethen1997).

In theendiit is nota questionof which softwarepackagedoesbetter,noris it
a choicebetweenfloating point or symbolic arithmeticsthat is of primary
Importancen the explanationof the phenomengbut rathera choiceof whatis
feasibleandappropriateo computePseudospecaprovidetheengineemwith a
usefultoolto makesuchachoice.

5. Spectrum dichotomy and the Lyapunov equation

Visualising capabilitiesof computationalpackagesreadily availableto the
engineerprovidesa convenienttool for analysing numericallocalisationof
operatorspectra.For symmetric(or more generallyHermitian matrices)this
analysisbecomesnoreor lesstrivial dueto the fact that -pseudospectraf
correspondingnatrices/operatorform the unionof -ballswith centresin the
points of their spectra.In the generalnon-Hermitiancasethe topology of
pseudospectraay bequite complexwith the possibility of becomingsplit into
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Figure 2.
Surfaceand
pseudospectragblots of
the Godunovmatrix




EC severalparts (groupedclustersof eigenvalues)ndeedjf an -pseudospectrum
17,4 consistsof p isolatedparts (p 1), and eachof theseparts containsseveral
eigenvaluesgigenvaluedelongingto the samepart might not be separabldoy
any finite-time numerical procedure. Therefore, in those engineering
applicationswhich involve non-Hermitianmatrices and/or non-self-adjoint
operatorsijt is oftenmorereasonabléo concentrateur efforts on topological
400 aspectsof spectralproblemsthan on computationof individual eigenvalues.
This situation is typical in the stability analysisof model(4.15)where the
reasonableuestionto askwould behow -spectraarelocatedwith respecto
theimaginaryaxis (lineardichotomy)or with respecto the unit circle(circular
dichotomy)etc. Indeed,the dichotomyproblemis closelyconnectedvith the
investigationof matrix/operaor stability, andthis connectiorcanbe seernvia
model(4.15)the solutionof which canbegivenin thematrix exponenformas

x.tf" exp.tAtx.0t: o1t

If weassumehat x .0t canbegivenwith infinite precisionthenthe stability of
the model will be definedby the behaviourof the matrix exponentitself,
exp.tAt. It iscommorfor theengineeto think of thevalue
q” min j<e j.Afj 5.2t
-

i L

as a conditionnumberof the matrix A ( ; are eigenvaluesf the matrix A).
However,n reality this characteristias not appropriatefor the descriptionof
exptA) whent > 0 is finite. Indeed,althoughthe parameter(5.2)may be an
adequate characteristic of matrix stability in the limit t! 1, many
engineerin@pplicationgequirea conclusioraboutthe stability of themodelin
the casewhen0< t < 1 . This conclusioncannotbe drawn solely on the
informationaboutthe parameteq.

It is moreappropriatethereforeto confrontthe problemof matrix stability
with anapproachthat combinesnformationon spectraandresolventsSucha
combinationis at the heartof the Lyapunovmethodthat gives a criterion of
matrix A-stability. In the caseof real matricesthe following result (seefor
example Godunovet al. (1992)Malyshev(1993xand referencesherein)is the
keyto further constructions.

Theorem3.1.If the following matrix equation(the “continuous'Lyapunov
equation)

ATX T XA~ yC 5:3t

is satisfiedfor somesymmetricpositive definite matricesX and C, then the
matrix A is stable.Converselyif A is stable thenthe solutionof the equation
(5.3)exists and is unique for any matrix C and may be representedy the
following matrix integral

1

X" exp.tAT fCexp.tA fdt: .5:4t
0



From(5.4)t is clearthat,if C= C" > 0,thenthesolutionof (5.3)s alsopositive/
definite.In particular,if C= | wezhave
1
X~ H" exp.tAT Texp.tAtdt: .5:51
0

We introducethe following measureof quality of matrix stability (all norms
belowarespectral):

AT 2iiAjiii Hi 56t

sometimesreferredto as the condition number of the problem on matrix
stability (seeMalyshev (1993)and referencegherein).The use of (5.6)as a
characteristiof matrix stability allowsusto derivethefollowing upperbound
onthematrix exponentialn (5.1):

jjexp.tAtjj  .At° AtexpkolijAjj= .ATS 5.7t

In turn the candition (57)is esential in proving the canvergence of the matrix

integal (54) (Godunov, 191). Wheeas the formula (57) cauples the
charaderstics of qudity of matrix stability with thetime variable (the larger

is the worse stability of A), the standard approach to the problem of stability

largdy ignores this caupling. In Section 4 we have demondtrated theimportance
of sucha caupling, which has to betaken into accaunt evey timewe deal with

non-symmetric (ormare generally non-Hermitian) matrices Sincein the general

case perturbations of eigenvalues of such matrices may substantially exceed
perturbations of matrix elamertsthedetermination of all eigenvalues(aswel as
the eigerbasis) fromthe Joadan chains such as (28)may beinappropriate. The
difficuty with such an approach in erginesring camputations cansists of the
fact that canputationa erors in the sdution of the problem on spedral

dichotomy are dependert nat only onthe norm of the matrix A but onthenarm

of matrix H aswdll. As followsfrom the above disaussion, theinformationonH

may beextracted from the sdution of the Lyapunov equation.

Now, let us showhow suchdifficulties may be obviatedin the generalnon-
Hermitian case under the assumptionthat the matrix A does not have
eigenvalue®n the imaginary axis. From the computation&point of view we
haveto coupletheaccuracyof computatiorof the matrix H andthevalueofthe
conditionnumber .Atin the numericalprocedureNamely,if is the errorof
computatiorof H andE is thelowerboundonthe conditionnumbersuchthat

jiHY Hjj ; AT E .5:8t

then the consistencybetween and E haveto be chosenwith respectto the
digital arithmeticof thecomputerIn principle, maybearbitrarily small,yetit
Is always positive.As we have shownwith the examplesn Sectior4, there
might exist such =~ ...fhat the perturbedmatrix A with jj jj < may
havea differentnumberof eigenvaluesn the left-handplanefrom the number
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of spectrumpointsthere.Sincen suchsituationswe cannotrely oncomputing
individual eigenvalueswe will try to solvethe dichotomyproblemassuming
the absencef eigenvalue®n the imaginary axis (or on the unit circlefor the
circulardichotomy).This assumptions requiredfor the following reasonlt is
well-known(seefor example Godunov(1991)Godunovet al. (1992))that the
problemof linear dichotomymay be viewed as the problemof constructing
projectiveoperatorsP and | = P on the invariant manifoldsthat correspondo
the spectrumpoints on the left and on the right of the imaginary axis. The
quality of the dichotomycanbe definedfrom the inequalities(5.8)whereH in
thegenerakasds definedastheLyapunovintegral
1
X~ He” Zi A fittPC.Ay it 1dt 5.9t
y1

whichprovidesthe solutionof the “continuousLyapunovequation
A Hci HcAA yC .5:10f

whenall the spectrumof A liesin theleft-handplane(i.e.P=1).Now,if A does
not have purely imaginary eigenvaluesthen thereis an intrinsic connection
betweeroperatoHc andthesolutionof thedifferentialequation

dx . _
gt Ax t f.tt Bi11f
providedthat
jif tfjj< 1 whenijtj< 1: 512t

Underthe aboveconditionsthereexistsa uniquesolutionof the equation(5.11)
definedas
YA 1
X.tf" G.t.y sif.sfds .5:13t
y1
whereG is the Greenmatrix. Thenthe solutionof (5.10may berepresentecs
follows
YA 1
He ™ G .tiICGtidt: 5:14tf
y1
The Greenmatrix functionis boundedby thevalueof .At(seg5.7))andis
thesolutionoftheequation:

%A AG.ttt .tH; .5:15¢F

where G...10ty G...y0t" I: Furthermore,P " G...10t and for all t;s> 0
functionG.t}hasthefollowing semigroupproperty(Pazy,1983)



G.t} st” G.tiG.sh .5:16t Topological
analysisof

Hencegcomputationof the projectiveoperatorP (aswell asHc) arereducibleto eigenvalues

the solution of a boundary value problem (5.15),and the accuracyof such
computationwill bedefinedby thevalueof ;.AT.Onemaycontrol (seg5.8))
using an effectivenew methodproposedrecentlyin Gavrilyuk and Melnik
(1998)The methodis basedonthe Cayleytransformtechniqug Gavrilyukand 403
Makarov,1996:1998Gavrilyuk andMelnik,1998)

T~ .1y At.1t AP 517t

and doesnot require the normality condition. It has beenproved that the
solution of the Lyapunov equation (5.10)for stable matrices A may be
representech thefollowing form:

Ho™ § = Cf St 2T .A1CT .AtE T .A IST .Att
z o 518t
2T2.A 1CT2.Att T2 A 1ST2. AT ... :

whereS™ yT .A TCy CT .AT Such a representationimplies a natural
approximationof H by HN with a finite numberof terms(N t 1) in (5.18).
Then(sedaletailsin Gavrilyuk andMakarov(1998))heestimate

qul
1y ¢

with ¢~ maxfjj T .A 1jj;jjT .Afjjg< 1 provides an efficient way of
controllingtheaccuracyof computatiorof matrix H. Othermethodsof spectral
dichotomyhavebeerrecentlydiscussedn Malyshevand Sadkan€1997).

An appropriateassumptionfor the applicability of the methoddescribed
above is strong positivenessand densely definitenessof the operator A
(Gavrilyuk and Makarov,1996;1998;Gavrilyuk and Melnik, 1998) For given

iHYy Hj 2 5:19f

positivenumbers and ( min max 1 )In the complexplane Gwe
defineaclosedpath(sed-igure3):
y V.. ;ATT R .., t[ W..; ; AT .5:20f

If Alisanunboundedperatortheny consistoftwo rays

R ..; , ATA f eXp...i t min maxg; .5.211-
andthecirculararc

W Wnin.; ; AT" fiZ2°  min;jargz g .5:22f

ForaboundedperatorA, W consistof 2 arcsW min andW o« (thesecondarc
is depictedn Figure3 by adashedine).
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By (5.20Yhe complexplaneis dividedinto two setsasshownin Figure3, *
and y;where

tr fz2 G 0< jargg< g[ fz2¢Cj3 g .5:23f

(forcertain and ),suchthat thefollowing connectiorbetweerthesesetsthe
resolvenset .At,andthespectralset *.At:

POOAL ATy 5:24t
hold.If wefurtherassumehatthereexistsaconstantM > 0suchthat
" M
i.zly APY —/—— 8z2 *; .5:25
i-zly AT 17 17 f

thenthe operatorA is positiveif thereexistssuch ; ; M > Othat (5.23)-(5.25)
aresatisfied. Thelowerbound .Aft A;Etofall forwhichA is positive
is calledthe spectralangle of the operatorA. Now we are in a position to
formulatethe main conditionunderwhich the techniquedescribedwill work,
I.e.theconditionof strongpositivity of operatorA.

Definition5.1.A positiveoperatorA is calledstrongly positiveif its spectral
anglesatisfiestheinequality

AT< E: .5:26f



Thereisanatural competition in theinequalities (5.25) and (4.9) which stems from
the connection between *.Atand .Aft.Indeed,thedoser 2 approaches
to an egenvalue of the matrix A, the smaller thevalue and thelarger thenorm
ji...1' y AT %j. Therefore it may happen that, although the actual eigenvalues lie
on theleft of thecurvey, such points  occupy regions on theright of this curve.
Thisleads naturally tothe conclusion that in thegeneral case

¥ AT\ FLATE 5271

Furthermore, we cbservethat, when | Ofandtheset * contractsto a point,
thespectral angle approachesto = 2,

AT E: .5:28t

Asaresult of 6.28),M ! 1 in(5.25)and, strictly speaking, onemay use neither
the assumption of strong positivity of A nor the assumption on the absence of
purdy imaginary egenvalues. Although these difficulties have a fundamental
theoretical nature, in practice they can be overcome by visualising topological
neighbourhoods of eigenvalues.

6. Constructing spectral portraits

A number of algorithms are available in the literature for computing
pseudospectrand the subsequentconstructionof spectral portraits. This
includes (seeChaitin-Chatin and Fraysse(1996);Marquesand Toumazou
(1995);Braconnier(1997);Braconnieret al. (1997);Braconnierand Higham
(1996)Fraysseetal.(1996andreferencetherein):

singularvaluedecomposition;
Lanczosalgorithmontheaugmentednatrix;
shift-and-invertalgorithms.

The coreof all suchalgorithmscontainsthefollowing steps:
(1) determinatiorofaregionR ofinterestin €,
(2) discretisatiorofthis region(seébelow);
(3) computatiorofthevaluek.Ay zITylszoreacr'pointZZ R;
(4) displaythecomputedraluesforz2 R.

Belowwe briefly describalifferentoptionsfor thesesteps.

Stepl for selectingthe regionwhich containsthe valuesof interestfor a
spectralportrait canbecompletedisinga numberof availablealgorithmssuch
as QRalgorithm,the Gershgorindisk algorithm, matrix norm algorithm,field
of valuesalgorithm (Braconnieand Higham,1996)The latter is oftenchosen
asthe mostefficientin termsof the total computationatost(Braconnieetal.,
1997)This algorithmconsistsof computingthe field of valuesusingthe setof
Rayleighquotientsasfollows
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zZAz

F.AT" z2 G z6°0 : .6:11

Then the computationof boundaryof F(A) canbe doneeasilyif we split the
matrix into its Hermitianand skew-Hermitnparts:

ZAz" zApzt zAsz whereAy ™ AT A =2, As™ Ay A =2 .62t

andnoticethat

. " ZAjZ.
min.maxtfRel.t:! 2 F.Atg mm.maxsz)Z—; min.maxt-An T .6:3F

We can apply the same procedureto any matrix A ~ € A (indeed,
F.e At" € F.At1).HoweversinceF.Atis aconvexset,wehaveto apply the
above procedure(i.e.to computeextremumeigenvaluesor two Hermitian

matricespnlytwice,for =~ OQand =~ =2.
Step2 involvesdealingwith theresolvenbf alinearoperatorA for aregular
point, 2 G, of the operator,i.e.R ~ ... y AT1. We may expectthat the

pointsof -pseudospectrurill someneighbourhoodsf “exact'eigenvaluesf

A. Thereforein the complexplane(to be simulatedby screenwe introducea

rectangulamgrid with a computempointwith which (monitorpixel)we associate
a smallrectanglethe sizeof which may be controlled.To eachsmallrectangle
weassigna colournumberrelatedto thevalueof atthecentrein thecomplex
plane Further,for eachof such wecompute asfollows

- 1 N 1 ~ nly AT 64t
JAIR AT jiAjjj... 1y AP Y 1At o
where nax~ 1 5 ... n min are singular values of the

correspondingh  n matrices.Dependingon the value of the ratio (6.4)we
definethe colourthat is usedto fill-in the rectanglewhich correspondgo the
specificvalue : Forexampleijn computationgpresentedn Sectiongtand7 we
definedL (L = 30)differentintervalsfor usingthefollowingrule:

0 2 33¢I~ o 8T~ 12925 10%:m" 30 .6:6t

Then we assignan integernumberto eachinterval (6.5)-(6.@ccordingto the
rule

m~ %4y log, 1=3S 671

Forexampleform ™ 22wehave
2 % <2 O je27105 10%° < 211684 10 etc.



Step 3 is the most time- consummgpart of the procedureand involves

computationof k.A y rdhide k, for complexnumberszofapredeflnedeglonof
interestR G Oneof the S|mplestalgor|thms yet very reliable,is basedon
the useof the singularvaluedecompositiorfSVD) whoseapplicationis based
onthefollowing observation

kAy zIPk,~ Y1 Ay zIt 6:8t
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where min.AY zltis the smallestsingular value of Ay zl. Recallthat the
singularvaluedecompositiof A is

AU V., or Av" u;j” 1...5n .6:9t

whereU (resp.V) is a unitary eigenbasidor AA (resp.A A). The singular
value ; gives metricinformationaboutA. WhenA is non-normalthe SVD
contains information about A which is more reliable and more robust to
perturbationsthan the information provided by the spectraldecomposition
(Chaitin- Chatehrﬂ,996§o|ubandvan Loan,1989Trefethen1992)In thewide
rangeof valuesof k.Ay zI#* k, (say,10/'1y 10 this algorithm performs
well. Its maindrawbackis relatlvelyIargecomputatlonatlme andthememory
requirements (of order n?). Therefore, for larger matrices Lanczos-type
algorithms and the Arnoldi (Krylov subspace)terations provide a useful
alternativeto the SVDdecompositioriBraconnieandHigham, 1996Carpraux
etal., 1994)Sincetheir efficiencydeterioratesvhenk.A y zI¥* k, is small,a
dlfferent techniquessuch as the shift and invert may prowde further
improvemen{Braconnierl997)Thereviewof suchtechniquesanbefoundin
Trefethen(1999).

The ideaof spectralportraits comematurally if togetherwith the matrix A
we considera family F of perturbedmatrices.This allowsusto dealwith the
union of all spectraof F -representativesn this casethe spectralnorm of
matrix A (invariantwith respecto orthogonakransformations,

A" supfj AXjj - Jixjj © 197 max-AT, .6:10t

is not sufficientto providean appropriatecharacteristion the behaviourof all
representativesf the F -family. Oneneedghe informationon the resolventof
A and suchinformation should be coupledto the algorithm of computation.
This is donein Step4 of thealgorithmthrough whichallowsusto implement
a hierarchy of different levels of perturbations. As a result of such
implementationwe obtain the visual representationof -pseudospectraf
matricesor operatorson the screenof the monitor. If for somematricesor
operatorsthe regionswith sufficiently small becomdarge,oneshouldpay
increasingattentionto the geometryof suchregionalboundariesThey may
becomeessentiallyirregular with patching patterns clearly visible on the
screerof the monitor.In fact,onemay expectthat in the neighbouringpixels
may take values from different intervals. These difficulties become
increasinglynoticeablavhen ! 0.
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7. Concluding examples and future directions
Importantexamplesf instability in engineeringcomputationsareprovidedby
matricesassociateavith polynomials Oneof the classicakxampless givenby
the La Rosematrix (see,for example,Chaitin-Chatelirand Fraysse(1996);
Marquesand Tamazou(1995))In solving spectralproblemsassociatedvith
suchmatricesijt is importantto take into accountnot only the informationon
the spectralnorm of the matrix, but also the information on the norm of its
resolvent.One of the reasonsfor this stemsfrom the fact that condition
numbersmay not be appropriate characteristicsof non-normality of such
matrices.
Considerfor examplethefollowing polynomial
xo
PO.xt~ .xt 4t%2.xt 1¥.xt 2" ax; 721t
i" 0

where
a  a” 0 a” 256 az3” 1,216 a4~ 2,416 a5~ 2,612
a 1,676 a;” 653 ag” 153 a9~ 19

anddefinethecompaniormatrix R~ fr;; glljo 1 ofthis polynomialby
roi - Vagy i~ L...;10 " 17 1.9 T2t

Other elementsof the matrix (7.2)are zero.This matrix, which is a typical
exampleof non-normalmatrices,doesnot have any single eigenvalue All
eigenvaluest4,+2,+1,0, are defectiveeigenvaluef multiplicity 3, 2, 3, 2,
respectivelySomefunctionsand estimatedor this matrix aregivenin thelast
row of Tablel. As expectedn this casethe conditionsnumbercannotprovide
anappropriateoolto characteris¢he non-normalitypropertyof this matrix.
Many polynomialmatricesthat arisefrom engineeringapplicationsdepend
on a parameterthat may vary. In suchcasest is very importantto analyse
pseudospectrafor different values of the parameter, using reliable
characteristicof matrix non-normality.Our next exampleexplainsthis point
in detail. Weconsidetthefollowing parametrigpolynomial:
xo
P.x t° x2f 2t .xF2txt3txy 6" ax; 7:3t
i 0

where isaparameter,

a” 216 % a;” 1,296 %21 108 % a,” 2592 f 1:296 2y 18 3

ag” 1,728% 3,888 $ 2162y 7 % a,” 3:456% +1;728 § 96 ?t 3
as” 2:448% 24 y 15 2% ag” 592y 126 + 3 % a;” Y76y 9;

ag” y48%+ 3; a” y1 a” L



Usingthe sameprocedurdor (7.3)asfor (7.1)we constructa parametrianatrix

(7.2)associatedvith (7.3)Westartfrom = y 1.The surfaceplot andthe plot
of pseudospectréor this caseare presentedn Figure 4 (seethe setof plotsin

the upperrow). Notethat in additionto two singleeigenvalues2and+3,and
eigenvalues of mulgph'city 2,the constructednatrix hasnow alsotwo distinct
eigenvaluesy 1 2. It might happenthat, within tlya.given accuracythe
region that corresponddo eigenvaluest2andy 1y 2 y 2:4142almost
mergeswith the regioncorrespondingo eigenvaluet3.However the surface
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plot helpsto identify threedistinct peaksthat correspondo theseeigenvalues.

A verbiD.terestingbehaviourexhibitstheregionthat correspondso eigenvalue
y1f 2 0:442Thepeakcorrespondingo this eigenvalugpresentedh the
surface plot) and the deepeningof the region (from the right) in the
pseudospectrplot showanapproximatdocationof this eigenvalue.

The situationchangedor ~ 0.5 (seethe setof plotsin the middlerow in
Figure 4). The increasingvalue of leadsto a re-orientationof the above
regions.lngeed,now the regionthat corresponddgo threeeigenvaluest3,+2
andy 1y 2=2 y 1.:7071splits into threesub-regionswhile the deepening
(from F;h.e left) of the central region indicates the presenceof eigenvalue
ylf 2=2 y0:2929.

A furtherincreasen leadsto the “diffusion’ of the centralregionto theleft
which, in turn, leadsto the enlargemenbf distancesbetweenthe abovethree

Figure 4.

Surfaceand

pseudospectragblots of

the parametricmatrix

associatedwvith (7.3)for

different valuesof
parameter

( = +1;0.5;1).
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Figure 5.
Non-normalitymeasures
of the matrix associated
with (7.3)(asfunctions
of )

sub-regiongseethe set of plots in the lower row in Figure 4 wherethe case

" 1lis presented)Now, howeverthesethreesub-regionsorrespondo two
eigenvaluesonly, +3 and +2. The “diffused' central region correspondsto
eigenvalue:1of multiplicity 2andhencethecorrespondingeakin thesurface
plot movego theleft from theimaginaryaxis.

Sinceparameteramay influencesubstantially on topologicalpropertiesof
pseudospectraas demonstratedoy the above example,we investigatethis
issuefurther. In particular, we computethe following four characteristicof
non-normalityof matrix A asfunctionsof parameter :

(1) 1.At definedby formula(4.1);
(2) ».Aft definedby (4.2);
(3) He.Atdefinedby (4.3)and

(4) the low boundof the Smithinequality (see(4.5))j.e.the Henrici-Smith
numberHes(A).

The correspondingplots are presentedn Figure5 (fromleft to right andfrom
top to bottom, respectively).These functions of  provide a qualitative
descriptionof the behaviourof thenon-normammatrix associateavith (7.3)It is
seen that the scaling units of the Henrici-Smith number are the most
appropriatefor this description. After a local minimum at y 0.5, we
observethe growth of non-normalityof the parametricmatrix associatedavith




(7.3)This behavioursuggestghat sufficiently largevaluesof canprovidea
deepeinsightinto the effectof differentperturbationpatterns Wefix  at 100
andconstructperturbedmatricesaccordingo thefollowing principle

A~ At 10°zA; Z:4t

where

~

z” cos.;ttisin..;t ;° Z.j.y 1t and A~ rand.sizeA;2tt .7:5t

We note that in addition to single eigenvaluest2, +3 and eigenvalue6 of
multiplicity 2 which we ha alt with before,now we have two complex
conjugateeigenvaluey 1 99 We showthat underperturbationsof matrix
A this leadsto the break of the symmetry with respectto the real axis. By
increasingj, we increase j, movingits valuesalonga unit circlez™ exp.i.;t
clockwiseIn Figure 6 we presentcontourplots for the original matrix A and
for the perturbedmatricesobtainedfrom (7.5)for j~ 1,j" 3,)" 4,]" 5,
j = 7,respectivelyfromlefttoright andfromtopto bottom).

Regionsof all eigenvaluegincluding complex)of the original matrix are
clearly identifiablein Figure 6. Taking ;~ O (thatisj~ 1andz”™ 1) will
result in the splitting of regionsthat correspondto complexand multiple

-10 =5 0 5 10 -10 -5 0 5 10

-10 -5 0 5 10

-10 -5 0 5 10 -10 -5 0 5 10
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Figure 6.
Pseudospectragblots of
the parametricmatrix
associatedvith (7.3)
under different
perturbationpatterns
( =10.5)
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Figure 7.
Non-normalitymeasures
of the matrix associated
with (7.3)(asfunctions
of )

~

eigenvaluesMoving along the unit circle aboutthe angle ;© =2 (thatis
j~ 3andz” i)will breakthesymmetry.This isglsodemgastratedby thenext
plot presentedfor ;~ 3=4 (" 4andz” y 2=2% i 2=2).As expected,
real valuesof z tend to restorethe symmetrywith respectto the real axis, as
demonstrateddy the next plot presentedor ;° (~ 5andz” y1).The
splitting of theregionthat correspondso eigenvalue of multiplicity 2,aswell
as the region that correspondsto the pair of complex eigenvaluesare
demonstratedby the next plot of Figure 6 presentedfor ;~ 3=2 (" 7,
z~ yi). This behaviourleadsto the formation of patcheswhich characterise
thesameeigenvaluevith givenaccuracy.

In our last experimentthe value of = %0.5is chosento give an
approximation to local minima of functions .At, ,.AtHe AT,Hes. AT
presentedn Figure5.In this experimentve analysethe maincharacteristic®f
non-normality, 1.At, ,.At,He At,and He,.Atas functions of j, and hence,
accordingto (7.5),functionsof ;. As functionsof ;, goodmeasuresf non-
normality haveto exhibit a periodicbehaviourwhen ; movesalongthe unit
circlez = exp (i j:Howeverthis periodicityis observecdheitherfor ;.Afnor
for ,.At. In fact, thesefunctionsexhibit a non-periodiascillatorybehaviour
in a closevicinity of values3.745 10°and1.9839 10/, respectivelyAt the
sametime, the Henrici number (the upper plot in Figure 7) and the Henrici-
Smithnumber(thelower plot in Figure 7) providegoodengineeringneasures
of non-normality.

Ourconcludingremarksaddresghreemajorissues:

(1) Any similanity transformation or other technique performed
computationally on an operator or a matrix does perturb its spedrum. As
aresult, any computationa packagewill provideonly pants of thespectra
of perturbed rather than unperturbed operators/matrices. This means that
the computed numbers, widdy accepted as eigenvalues in a variety of
applied engineering problems, arejust a subset of the 4pseudospectrum of
the origind operator/matrix. Of course, the “original" operators/imatrices
thenmsdves might only be given approximately. Furthermore, no matter
how small is, if it is fixed within certain bounds, there always exist
opeaators/matrices with large regions of pseudaspectra for any -bounds
chosen a priori. In such cases a substantial error in computation of



(2)

3)

ggenvalues is inevitable. Having an algorithm for computing “pure'
numbers does not necessarily lead to the correct canclusion on the
behaviour operators/matrices. In order to draw adequate conclusions such
numbers haveto be supplemented by spedral portraits of theinvestigated
operators/matrices (T refethen, 1992;1997; 199).

Sincethe classicalconvergenceonditionssuch as that requiring the
spectralradiusto belessthan1 ( .AT< 1)may not begenericenough
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for finite precisioncomputations(Chaitin-Chatelirand Gratton, 1996),
an important developmentof the presentedwork is the analysis of
convergenc@ropertiesof numericalproceduresn the discretisationof
evolutionarypartial differentialequationsindeedit is oftenappropriate
to formulate necessaryand sufficient conditions of convergenceof
numericalmethodsin termsof pseudospectr@Reddyand Henningson,
1993;Trefethen,1992),and the Kreiss matrix theoremtechniquehas
beenprovedto be a usefultool in the analysisof thesemethods(see
Trefethen (1999)and Chaitin-Chatelinet al. (1999)and references
therein).Using the idea of pseudospectrazonvergencef convection-
diffusion modelswas recentlyanalysedin Harrabi (1998b)ynd a new
numerical procedure for these models was recently proposed in
GavrilyukandMelnik (1998).

Sincethe stability analysisis relative to the choiceof the class of

perturbations,anotherimportantissueto be addressedn the future is

the characterisatiomf the classof perturbationsgeneratedy thefinite

precisionarithmetic. Indeed,due to natural limitations of numerical
stability in finite precision computations one has to couple the

arithmeticprecisionwith all computationalparametersand input data
(Chaitin-Chaletimnd Fraysse, 1996) This idealeadsto a freshlook at

asymptotic methodsapplied in the theory of singular perturbations.
Typically, an asymptotic expansion, say U, may provide an

approximationto the solution of the investigatedproblem under the

assumptiorof ! 0%: In all practicalproblems maybesmall,yetit is

alwayspositiveandfixed, providing theupperlimit on perturbationsin

such situations there always exist exampleswhen U may provide
completelymisleadingresultscomparedo the solution of the original

problems(seealso Melnik and Melnik (1997)Melnik (1997))From the
theoreticalpoint of view, evenif we formally considera mathematical
model as unperturbed, we have to investigate its stability to

perturbationin a typically infinite dimensionalspacewider than the
state spaceof the system.The natural choicefor such a spaceis a
non-reflexivespacesuch as L (rather than L? as it is commonly
accepted).This idea has been recently developedfrom different
directionsin BorweinandZhu (1997)Melnik (1997)7 veito andWinther
(1995Wwherelinks to the recentadvancesn control theory as well as
numericalproceduregsanalsobefound.
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