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Abstract The dynamics of coupling between spectrum and resolvent under � -perturbations of
operator and matrix spectra are studied both theoretically and numerically. The phenomenon of
non-trivial pseudospectra encountered in thesedynamics is treated by relating information in the
complex plane to the behaviour of operators and matrices. On a number of numerical results we
show how an intrinsic blend of theory with symbolic and numerical computations can be used
effectively for the analysis of spectral problems arising from engineering applications.

1. Introduction
The information on spectra of matrices and operators has primary importance in
many branches of engineering sciences. In particular, this information is
indispensable in analysing stability of mechanical systems, fluid flows, and
electronic devices. It is at the heart of spectral-type (including pseudospectral)
methods widely used for approximations of differential and integral operators
arising fromengineering applications(Fornberg,1996;Quarteroni and Valli,1997).

The study of eigenvalues has been revolutionised by the ready availability
of computing power. Surprising results, however, are quick to appear in
engineering practiceand present well-known, yet non-trivial, difficulties. These
difficulties often come from the following standard procedure applied to the
stability analysisof many engineering problems(Baggettet al.,1995):

. welinearisethemathematical model about a known solution (e.g. about
thelaminar flow for theNavier-Stokesequations);

. then we diagonalise the resulting operator (using the Schmidt
factorisation);and

. finally,weuseeigenvaluestoanalysethestability of thesystem.

A variant of this procedure is often used in the solution of evolutionary non-
linear partial differential equations by the method of lines (MOL) which leads
typically toanon-linear ODE:

y0 ˆ f …t; y†: …1:1†
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Thenonecanapplya linearanalysislocallyfor agiven,isolatedsolutiony(t) of
this equation,andconsidertrendsof smallperturbations. The analysisis then
reducedto the investigationof the linear, variational equation(Ascherand
Petzold,1998):

z0 ˆ A…t; y†z;

where

A ˆ
@f
@y

: …1:2†

It hasbeenwell-knownfor a long time that theselocalproceduresmay fail to
predict correctlythe evolutionof the system,and the main reasonfor sucha
failure has beenusually attributed to the linearisationprocedure.However,
recentresultsin fluid dynamics,magneto-hydrodynamicsandotherareashave
clearly indicatedthat the increaseof spectralinstability (i. e. the departureof
linearised operatorsor matrices from normality) gives another important
reasonfor the discrepancybetweentheoreticaland experimentalpredictions
(BaggettandTrefothen,1995;Reddyetal.,1993;ReddyandHenningson,1993;
Trefethenetal.,1993).

Although non-normal operators and matrices have been encountered in
engineering practicefor a long timeand theeffects of non-normality have been
well-known to themathematical community (see,for example,Henrici (1962), the
number of engineering problems where this effect was of much concern was
quite limited. Indeed, if the departure from normality remains bounded (which
may occur in thepresence of a nearby defective eigenvalue), the effect of non-
normality on the spectrum remains local and a number of linear algebra
packages such as LAPACK are able to treat efficiently the ill-conditioned
eigenvalues as a clustered group of eigenvalues. However, the effect of non-
normality on thespectrum of theoperator/matrix may becomenon-local. In some
applications, for example,it may happen, when thedeparture fromnormality is
ruledby a physical parameter such asthe Reynolds or Peclet number. Another
area that brings problems that often requires dealing with operators and
matrices on the edge of their spectral stability is coupled field theory where
interconnectionof physical fieldsof a different nature is essential in obtaining a
plausible picture of thephenomenon under consideration (Melnik, 1998a). This
class of problems is quite diverse and covers the range of applications from
semiconductor devicesimulationto climatemodelling (Melnik and Melnik, 1997;
Melnik,1998b);Kerner, 1989;Chatelin andGodet-Thobie,1991).

To agreatextentdueto thereadyavailability of computerpower(thatmade
many large-scaleproblemsin engineeringtractable(Trefethen,1999;Melnik,
1998b),thenumberof engineeringproblemswherethespectralinstability has
to be seriously dealt with continuesto grow. As the result, the computer
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analysis of spectral behaviour of operators and matrices under data
perturbationsandthevisualisationof theresultsof this analysisareobtaining
agrowingrecognitionin theengineeringcommunity.

Fromthemathematicalpointof viewthis analysisis especiallyimportant:
. in the presenceof an eigenvalueof algebraicmultiplicity k, k � 2 that

admits less than k independenteigenvectors(called defective or
clusteredeigenvalue);

. in dealing with non-normaloperators/matrices,for which separated
eigenvaluesin exactarithmetictendto becoupledby thefinite precision
computation.

In suchsituationsthedefinitionof theill-conditioningmeasureby thestandard
toolssuchas the conditionnumberbecomeproblematic(Chaitin-Chatelin and
Fraysse,1996),and thereforethe meaningfulnessof a computedeigenvalue
dependsstrongly on the informationon its stability. This informationcanbe
providedby `̀ topological'' neighbourhoodsof eigenvalues.Of course,in exact
arithmetican eigenvaluehasa topologicaldimensionDe = 0, but in the finite
precisionarithmeticit hasa positivefractaldimensionDf = 1 ± 1/l, whereDf 2
(0,1)andl aretheascentof thedefectivenessof this eigenvalue(l > 1)(Chaitin-
Chatelin,1996).This dimensionalityof defectiveeigenvaluesin the computer
arithmetic leads to the possibility of displaying the spectral instability
occurringin engineeringproblems.Usingvisualisationcapabilitiesof modern
computers,it is possibleto study spectralinstability (inducedby thepresence
of defectiveeigenvalues)via measuresthat quantify the departureof linear
operatorsor matricesfrom normality. This study, from both theoreticaland
numericalpointsof view,is themainfocusof this paper.

Weorganisedtherestof thepaperasfollows.
In Section 2 we provide the reader with necessary mathematical

background,introduce � -pseudosolutionsof linear operator equationsand
explainthemathematicalsourcesof non-normality.

In Section3 we give examplesof engineeringproblemswhere the non-
normalityof linearoperatorsand/ormatricesleadsto spectralinstability.

Absolute and relative measuresof spectral instability are discussedin
Section4,wheretheeffectivenessof spectralportraitsin determiningregionsof
potentialinstability is demonstratedby severalexamples.

The connectionbetweenthestability andthedichotomyof operatorspectra
andtheCayleytransformtechniqueis exploredin Section5.Our deliberations
in this sectionarebasedontheLyapunovmethodandtheassumptionof strong
positivity of linearoperators.

Section6 is devotedto numericalproceduresfor theconstructionof spectral
portraits.

Somecomputationalresults are presentedin Section7. Conclusionsand
futuredirectionsarealsodiscussedin this section.
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2. Mathematical foundations
The ideaof couplingthe propertyof the algorithm with the arithmeticof the
computeris basedonthenotionof backwarderrorandcanbetracedat least40
yearsback (Hairerand Wanner,1996).New engineeringproblemsrequiring
reliable and robust computermethodsfor their solution have given a new
impetusto further developmentof this ideawithin thetheoryof finite precision
computations(Chaitin-ChatelinandFraysee,1996).

Many engineeringproblemscan be written in the following genericform
(Morozov,1993):

Au ˆ f ; …2:1†

whereA : U ! F is a given operatorwith domainof definition DA � U, U
andF aregivenmetric(Banach)spaces,f 2 F definesthesetof input data,and
u 2 DA is theunknownvariablethat definesthesystemoutput.Sinceoperator
A is typically given only approximately, elementu is computedwith error.
Therefore,from the computational point of view this problemis tied to the
problemof stablecomputationof valuesof (possiblydiscontinuous)operatorL
suchthat

g ˆ Lu; …2:2†

whereL : DL � U ! G,Gis thegivenmetric(Banach)space,andu 2 DL.
In thegeneralcase(theconnectionis obviouswhenA is a locally invertible

operator)problems(2.1)and (2.2)are closelyconnectedon the basis of the
notionof pseudosolutions(Morozov,1993)

Uf ˆ f u 2 D : kAu ÿ f kF ˆ inf
v2D

kAv ÿ f kFg 6ˆ ; ; …2:3†

whereD � DAL � DA \ DL 6ˆ ; .
Anotherway of lookingat this situationis that thecomputedsolutionto (2.1)

canbeviewedvia the setof perturbedproblemssolvedexactlyby ~u (Chaitin-
ChatelinandFraysse,1996)

~u ˆ ~P…g†; …2:4†

whereg is apoint in thespaceGof perturbeddata(parameterspace)and~P is a
perturbedoperatorP : G ! U suchthat whenA is locally invertible we can
uniquelydeterminethevalueof u by theformula

u ˆ Aÿ 1…f †ˆ P…g†: …2:5†

Providedthat thenormon G andtheclassC…p of admissibledataperturbations
� g 2 C…p are specified,we can definethe minimal distance(backwarderror)
betweenthe solution to the original problem(2.1)and the set of perturbed
solutionsdefinedby (2.4)asfollows

B…~u†ˆ inf fk � gk : � g 2 C…p; P…g ‡ � g†ˆ ~ug: …2:6†
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Then,the setof � -pseudosolutionsto the original problem(2.1)canbedefined
naturally in termsof thebackwarderror

� � …u†ˆ f g : B…g†� � g …2:7†

The notion of pseudosolutionwas first introducedby V. Morozovin the late
1960s(seeMorozov(1993))in orderto reflectthe sensitivity of computational
schemesto perturbations(including,but not limited to, finite precision).Since
thenthis notionandits variousmodificationshaveprovedto bevery usefulin
many branchesof scienceand engineering.For example,in the context of
dynamical systemsan analogueof this notion (� -trajectories)was used to
characterisea computed trajectories system which can be viewed as � -
trajectories(seeChaitin-Chatelinand Fraysse(1996)and referencestherein).
Another examplearosefrom the solutionof somespectralproblemsin linear
algebra and engineering where computation of individual eigenvalues
appearedto beproblematic.This ledin thelate1970sto thenotionof � -spectra
or pseudospectra,formulatedindependentlyby severalresearchers(Godunov
et al., 1992;Varah, 1979;Landau, 1977).It was shown that the invariant
subspacesof non-normaloperators,andevenof moderate-sizematrices,canbe
extremelyill-conditioned.Weexplainthis situationbelow.

In many engineeringapplicationswe deal with matrices that have the
diagonalSchurform. The spectralrepresentationof such(normal)matricesis
stablewith respectto matrix perturbations, and all matrix eigenvaluesand
eigenvectorsarewell-conditioned.In thegeneralcaseany matrix A (including
defective)canberepresentedas

A ˆ XJXÿ 1; …2:8†

whereJ is the Jordanform and X is the Jordanbasisof matrix A. Using the
Schmidtfactorisationfor theJordanbasisX ˆ QRwecanreduce(2.8)to

A ˆ QSQ� ; …2:9†

whereS ˆ RJRÿ 1 is theSchurformof A. If

J ˆ D ‡ ~J; S ˆ D ‡ ~S;

where

D ˆ diag…A†; …2:10†

thenthe deviationmatrices~J and ~N canprovidethe key to somemeasuresof
matrix non-normality.Indeed,from (2.8)it follows that in principletheremay
exist matrix A for which cond2(X) can grow unboundedly(sincek~Jk2 ˆ 1).
Similarly, if cond2(Q) is normalisedto 1,thenfrom (2.9)it followsthat k~Sk can
grow potentially without bound. In the next sectionwe give examplesof
engineeringproblemswheresuchsituationsarise.
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3. Spectral instability phenomenon in engineering applications
During recentyearsmuchattentionhasbeenpaid to thespectralinstability in
finite precisioncomputationswhendealingwith non-normaloperators.Sincea
necessaryand sufficient condition of normality is the admission of an
orthonormalbasis,theproblemstemsfrom the fact that computedorthogonal
bases may appear to be far from mutually orthogonal within machine
precision. This leads to clusters of eigenvalues,the phenomenonwell
understoodonly whencond2(X) andtheascentl arebounded(or,alternatively,
whenk~Sk is bounded).

In manyengineeringapplicationswe haveto dealwith familiesof matrices
that arisefrom thediscretisationof differentialandintegraloperatorsby finite-
element,finite-differenceor spectral(includingpseudospectral) methods.These
matricesdependoften on oneor severalparameterssuch as the sizeof the
matrix (n), theReynoldsnumber(Re)or thePecletnumber(Pe).Wheneverthis
family of matricesis such that the ascentl of at least one eigenvalue(the
theoreticalpossibility of l ! 1 existsonly whenn ! 1 ) and the condition
numberof the Jordanbasisare potentially unbounded(alternatively, k~Sk is
potentiallyunbounded)underthe parametervariation,thensuchmatricesare
usuallytermedashighly non-normal(Trefethen,1992).

A non-exhaustivelist of engineeringapplicationswheresuchmatricesare
encounteredinclude:

. convection-diffusion modelswherethe predictionsbasedon the exact
spectrumdependson the model analogueof the Pecletnumber and
could be misleadingin the convectiondominatedregion (Reddyand
Trefethen,1994;Gavrilyuk andMelnik,1998);

. modelling of magneto-hydrodynamic (MHD) plasma with a coupled
system(thatcombinestheNavier-StokesandMaxwellequations),where
the lineariseddissipativeoperatorbecomeshighly non-normalwith the
decreaseof plasmaresistivity (Kerner,1989);

. the study of dynamic responsesand optimisation in structural
engineering,for example,the modelling of self-inducedvibrational
motioninitiated by a sourceof energyexternalto the structure(known
as the the flutter phenomenon (Braconnieret al., 1995))with a coupled
modelfor a torsionalvibration anda bendingmotionof a wing in flight
(a famousTolosamatrix, availablefrom the HarwellBoeingcollection,
arisesin suchapplications(Chaitin-ChatelinandFraysse,1996));

. computationalfluid dynamics,wherelinearisedoperators(for example,
the Orr-Sommerfeldoperatorin the study of parallel shearflows as a
mechanismof subcriticaltransitionto turbulence)for thedescriptionof
someflow configurations(suchasCouetteflow,planeandpipePoiseulle
flow) becomehighly non-normalwith the increaseof the Reynolds
number(Reddyet al., 1993;ReddyandHenningson,1993;Baggettand
Trefethen,1995);
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. coupled field theory (Melnik and Melnik, 1997; Melnik, 1998b),
stochasticprocessesmodelling (Jonssonand Trefethen,1997),control
theory (Hinrichsenand Kelb, 1993),optical and electronicengineering
(Landau,1977;MelnikandMelnik,1997);

. aerospaceindustry (ChatelinandGodet-Thobie,1991;Braconnieret al.,
1995)andotherengineeringapplications.

In many of the above examples, spectral instability comes from the
discontinuityof the spectrumwith respectto a parameterwhich comesfrom
physics,the numericalmethodor arithmetic.In someexamples,in particular
thosefrom coupledfield theory, this parameterappearsnaturally due to the
coupling of two or more physical (chemicalor biological)fields of different
nature.

The commonfeatureof all the aboveexamplesis that onehasto dealwith
non-self-adjointoperatorsand/or non-normalmatrices(i.e.with the situation
whenA� A 6ˆ AA � ).Sincein suchcasesthe useof eigenvaluesmay leadto an
extremedistortion of the systemstate space,it may not be appropriateto
analyse such engineeringproblems in terms of eigenvalues/eigenvectors
(Trefethen,1997).If short-timenaturephenomenaare well approximatedby
linearmodels(despitethefact that thelong-timebehaviourof thesystemunder
considerationmay requiremorecomplexnon-linearmodels),the eigenvalues
may give the wrong tool to the engineer.Indeed,insteadof determiningthe
transientbehaviourof the system,the spectralanalysiswill bedirectedto the
long-timebehaviourof a non-normallinearproblem,whichmaybemisleading
in suchcases(Trefethen,1997).

4. Incompleteness of information on behaviour of matrices and
linear operators from spectra or resolvents
As follows from a triangular Schurform S ˆ D ‡ ~S (see(2.10)),the departure
from normality of the original matrix A (i. e. the ill-conditioningof spectral
decomposition)is determinedby the strictly triangular part of this matrix ~S,
whoseFrobeniusnorm

…kAkF ˆ

••••••••••••••••••••
Xn

iˆ 1

Xn

jˆ 1

a2
ij

vu
u
t †;

� 1…A†ˆ k~SkF; …4:1†

canbetakenasanabsolutemeasureof non-normality. Sincein somecasesthe
valueof � 1…A†is noteasilycomputable,it is muchmorecommonto useanother
absolutemeasurethat followsdirectlyfromthedefinitionof non-normality,

� 2…A†ˆ kAA � ÿ A� AkF: …4:2†

Since� 2…A†� 2kAk2
F, thelarge� 2…A†impliesthelargekAkF.
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A relative measureof non-normality is typically definedwith the Henrici
number

He…A†ˆ
� 2…A†
kA2kF

; …4:3†

which is easilycomputableandoftenthoughtof asthe numericalanalogueof
theReynoldsnumberor thePecletnumberin fluid dynamics.Thechoiceof the
normin (4.1)-(4.3)becomesnatural if werecallthat theexactinformationabout
matrix behaviourcannotbe inferred from the spectralnorm of the resolvent
(kAk2 ˆ supfk Axk : kxk2 ˆ 1g),andtheequivalence

k…zI ÿ A†ÿ 1k ˆ k…zI ÿ B†ÿ 1k ( ) kp…A†kˆ kp…B†k 8p 2 � n; …4:4†

holdsin theFrobenius,but not in thespectral,norm(seeTrefethen(1999)and
referencestherein).By � n in (4.4)wedenotetheclassof all polynomialsdegree
notexceedingn.

In many applications the measures� 2…A† and He…A† together with
cond2…A†andcond2…X†(see(2.8))canprovidea goodinsight into theproblem
of non-normality.Unfortunately,eachof thesemeasuresseparatelymaynot be
a reliable characteristicof non-normality,becausetheir large values may
simply indicate a presencenearby a multiple defective eigenvalue.The
connectionbetweenthesemeasuresfollows from their definitions and the
Smith'sinequality(Chaitin-Chatelin andFraysse,1996)

cond2…X†� kXk2kXÿ 1k2 � 1‡
1
2

He…A†
� � 1=4

� HeS…A†; …4:5†

whereHeS…A†is theHenrici-Smithnumberof thematrix A. However,for those
engineeringapplicationswhere the spectral instability test is required,the
sensitivity analysis of the eigenvaluesto the perturbations� on A in the
spectralnorm has to be includedinto the investigation(seeChaitin-Chatelin
andFraysse(1996)andreferencesto theHarwell-Boeingcollectiongiventhere).
This analysiscan be conductedefficiently by using oneof the most reliable
measuresof spectralinstability calledpseudospectra.

Definition4.1. Let A bea givenmatrix and� > 0.The � -pseudospectrumof
this matrix is calledtheset

� � …A†ˆ f z 2 C…: z � � A‡ � g; …4:6†

wherek� Ak2 � � kAk2 and� A‡ � is aneigenvalueof matrix A ‡ � .
It canbeshown(seeChaitin-ChaitlinandFraysse,1996)that

� � …A†ˆ
�

z 2 C…: k…A ÿ zI†ÿ 1k2 �
1

� kAk2

�
; …4:7†
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which in turn implies that the larger the set � � …A†, the more unstablethe
eigenvaluesof matrix A. We take this result as the basisfor the definition of
pseudospectralsetsfor bothmatricesandlinearoperators.

Let A bea closedlinearoperatorin a BanachspaceX. Thentheunionof all
regularpoints� 2 C…of theoperatorA (i.e.pointsfor whichtheoperator� I ÿ A
is continuouslyinvertible)formstheresolventsetof theoperator,� …A†, which
is alwaysopen:

� …A†ˆ f � 2 C…: …� I ÿ T †ÿ 1 2 L…X†g; …4:8†

where L…X† is the spaceof all boundedlinear operatorsA on X with the
domainX. If � 2 � …A†, then the linear operatorR� …A†ˆ …� I ÿ A†ÿ 1 is the
resolventof A.

Definition4.2. For each� > 0 the � -pseudospectrumof A,� � …A†, is defined
asthesetof all � 2 C…suchthat

kAk2k…� I ÿ A†ÿ 1k2 �
1
�

: …4:9†

If, in addition to the assumptionsmade,the operatorA 2 X is completely
continuous,then its spectrum,� …A†; consistsof an at most countableset of
eigenvalues,for whichtheonly limit pointmaybethepoint � ˆ 0:

Therefore,in principlethepseudospectraof linearoperatorA canbedefined
by eithertheclosedset(Gallesteyetal.,1997)

� � …A†ˆ
�

z 2 � …A†: k…zI ÿ A†ÿ 1k �
1
�

�
[ � …A†: …4:10†

or theopenset(Davies,1998).
Definition4.3.

! � …A†ˆ
�

z 2 C…: k…zI ÿ A†ÿ 1k >
1
�

�
[ � …A†; …4:11†

wheretheconnectionbetweenthesetwo setsis givenby thefollowing theorem
(Chaitin-ChatelinandHarrabi,1998).

Theorem4.1. If A is a closedlinearoperatorsuchthat thereis noopensetin
� …A†onwhichthenormof theresolventof A is constant,then

! � …A†ˆ � � …A†; � > 0: …4:12†

The � -pseudospectrumof the operatorA is continuousunder the notion of
uniform convergence(Harrabi,1998a),andif kAn ÿ Ak ! 0,whereA andAn,
n 2 N\ areboundedoperatorsin X,thenthespectrumof theoperatorfamily An,
n 2 N\ is equalto thespectrumof A.
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The contour lines of sets defined by (4.9) give the borders of the
� -pseudospectra,calledspectralportraits.Sincethevaluesof k…A ÿ zI†ÿ 1k can
befairly largeevenwhenz is far away from eigenvalues,spectralportraits of
matricesaredefinedby Godunov(1991).

Definition4.4.Thegraphicaldisplayof themap

z7! � …z†; where � …z†ˆ log10kAk2 � k…A ÿ zI†k2: …4:13†

This map providesoneof the most reliabletools for the analysisof spectral
instability (Chaitin-Chatelinand Fraysse,1996).Owing to the possibility of
steepvariationsof valuesin uniform scales,the exponential(or logarithmic)
scales,such as (4.13),are usually preferred in the definitions of spectral
portraits.Sincethe eigenvaluesof A arethe polesof the resolvent…A ÿ zI†ÿ 1

for z 2 C…, thedynamicbehaviourof thenormk…A ÿ zI†ÿ 1k2 asz movesaway
from eigenvalueis oneof the major characteristicsfor the spectralinstability
test. Indeed, from the engineering point of view one may expect
`̀ pseudoresonance'' for a non-normalsystemsincek…zI ÿ L†ÿ 1k may be large
evenif z is far away from an eigenvalue.That is why pseudospectracanbe
seenas a plot of contoursof equalresonancemagnitude,wherethe real axis
correspondsto forcingat realfrequencies(Trefethenetal.,1993).

Two remarksaboutpossiblegeneralisationsof theabovenotionsfollow.
Remark4.1.In a moregeneralsettingwe candefineseveraldifferenttypes

of pseudospectraof matricessuch as norm-wiseand component-wise(see
FraysseandToumazou(1998)andreferencestherein).Sincethebordersof the
latter are not easily computable(Chaitin-Chatelin and Fraysse,1996),we
consideronlynorm-wise� -pseudospectra

� N
� …A†ˆ f z 2 C…: k…A ÿ zI†ÿ 1k2 � …�� †ÿ 1g;

where

j� Ak � �� …4:14†

with the choiceof � given by the spectralnorm of A, that is � ˆ kAk2. This
reducesourconstructionsto (4.9).

Remark4.2. The abovenotionsof � -pseudospectrum and spectralportrait
can be easily expendedto matrix pencils (A,B) for generalisedeigenvalue
problemsencounteredin engineeringapplications(Fraysseand Toumazou,
1998).

Theintrinsic connectionsbetween:
. the spectrum � …A† (determinedby the � -pseudospectrumof A for

� ! 0‡ ) andtheasymptoticbehaviourof An (aswell asexp…tA†) in the
limit of n ! 1 (respectively,t ! 1 );
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. thenumericalrangeof A (determinedby the� -pseudospectrumof A for
� ! 1 ) andthe initial behaviourof An (aswell asexp…tA†) in the limit
of n ! 1 (respectively,t ! 1 )

arewell elucidatedin the literature (see,for example,referencesin Trefethen
(1997)).It appears,however,that finite positivevaluesof � , n (andt),ratherthan
their limiting values,presentmajorinterestfor manyengineeringapplications.
A question of primary importance that arises in the context of such
applicationsis how the aboveconnectionswill be affectedunder spectrum
perturbationscharacterisedby the valueof � 2 …0; ‡1† ; possiblyvery small.
We explain the fundamentalnatureof this questionwith a simple,yet very
demonstrableexample.

Letusconsiderasimplehomogeneouslinearsystem

dx
dt

ˆ Ax …4:15†

with a givenmatrix A. Assumingthat that the initial conditionsmaybegiven
precisely,the problemof dynamicstability for this modelis equivalentto the
investigationof � -pseudospectrumof the matrix A. Indeed,we cannotextract
completeinformationaboutmatrix behavioureitherfrom thespectralnormof
thematrix or from thenormof its resolvent.However,it is reasonableto usean
intrinsic connectionbetweenspectrumand resolventof matrices under � -
perturbations.The main theoreticalproblemconsistsof the fact that without
restrictionson � , the absenceof practicaldichotomyof the matrix spectrum
may beanticipated.This is a crucialpoint for manyengineeringapplications.
Indeed,for the linear dichotomy there might exist such � ˆ � …� † that the
perturbedmatrix A� ˆ A ‡ � with jj � jj � � canhavein the left-half planea
numberof eigenvaluesdifferent from the numberof points of the matrix A
spectrum.If thematricesA ˆ …aij†and� ˆ …� ij†aredefinedasfollows

aij ˆ
ÿ 0:5; j ˆ i; i ˆ 1; 2; . . . ; 24;
10; j ˆ i ‡ 1; i ˆ 1; 2; . . . ; 23;
0; otherwise,

� ˆ � ˆ 10ÿ 22; i ˆ 24; j ˆ 1;
0; otherwise,

�
8
<

:

then,thoughthematrix A hasonenegativeeigenvalue,±0.5,of multiplicity 24
(wewill referto this matrix as `̀Negative24''), theeigenvaluesof theperturbed
matrix A� (i.e.

•••••
1024

p
ÿ 0:5) are shifted to the right-half plane, indicating

instability in theperturbedmodel:

dx
dt

ˆ A� x: …4:16†

This phenomenonis demonstratedby Figure1 wherewe presentthe surface
andpseudospectra plots of this matrix A (seethe upperrow).Any point from
the `̀ inside'' region(or,equivalently,a `̀ crater'' regionin the 3D plot) in effect
can be consideredas an eigenvalueof the matrix A with corresponding
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accuracy.The surfaceplot and pseudospectraof a slightly perturbedmatrix,
definedby A ˆ A ‡ 1:eÿ 9 � rand…size…A; 2††, arepresentedin thelowerrow
of Figure1. Essentialtopologicalchangesof the `̀ crater'' regionundermatrix
perturbations require further investigation of the instability phenomenon.
UsingstandardMatlabcommands,wecomputedsomecharacteristicfunctions
andestimatesfor this matrix. They aregiven in the first row of Table I. Note
that the estimateof the 1-normmatrix conditionnumbermight result in the
messagethat matrix is singularto working precision.It is seenthat,unlike the
Henrici number,neithercond1(A) nor cond2(A) canbe reliablecomputational
characteristicsof matrix non-normality.

Similarexamplescanbeconstructedfor any � > 0,nomatterhowsmallit is
assumedto be. This implies that the useof computers(or the definition of
matricesapproximately) turns the problemof investigationof matrix spectra
into theinvestigationof its pseudospectraundercertainlevelof �:

Figure 1.
Surfaceand

pseudospectralplots of
the original (Negative-

24)and perturbed
matricesappearingin
systems(4.15),(4.16)

Table I.
Matrix functionsand

estimatesas candidates
for non-normality

measures

Matrix kAk1 kAk2 kAk1 kAkF Cond1(A) Cond2(A) HeF(A)

Negative24 10.5 10.4959 10.5 48.0208 1.8543e32 1 0.2999
Godunov 6,825 4.322e3 6,825 6.57e3 4.5270e17 2.4777e16 2.8202
Polynomial 2,613 4.1788e3 8,999 4.1788e3 1 1 325.2822
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Of course, in many engineering applications the asymptotic stability of
ordinary differential equations(ODEs),arising either from immediateapplications
or from the use of the MOL to partial differential equations, is extremely
important. However, in the computational solution of engineering problems we
often encounter transient phenomena that depend on how effects evolve over
many finite time steps. In such cases, neither numerical stability nor stiffness of
linear ODEs can properly be characterised in terms of the eigenvalues of the
Jacobian, because these properties of the differential models are intrinsically
transient (Higham and Trefethen, 1993; Trefethen et al., 1993). In such situations
theengineering problem at hand may bebetter described and controlled in terms
of pseudospectra (or in somecases by pseudozeros of characteristic polynomials
(see Chaitin-Chatelin and Fraysse (1996) for details) rather than a spectrum.
Indeed,when theGodunov matrix (Godunov,1991):

A0 ˆ

289 2; 064 336 128 48; 367 32 16
1; 152 30 1; 312 75; 984; 758 288 128 32

ÿ 29 ÿ 23; 444; 455 756 384 1; 008 224 48
512 128 640 0 640 512 128

1; 053 2; 256 ÿ 504 ÿ 384 ÿ 756 800 208
ÿ 287 ÿ 16 1; 712 ÿ 128 1; 968 ÿ 30 2; 032

ÿ 2; 176 ÿ 287 ÿ 1; 565 ÿ 512 ÿ 541 ÿ 1; 152 ÿ 289

2

6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
5

with distinct integer eigenvalues (namely, 0, � 1, � 2, � 4) is used as input to
MATLAB-5's eig function, one real and three complex conjugate pairs are
returned as eigenvalues. Other numerical packages such as MAPLE,
MATHEMATICA, APL, do not do any better (see also Godunov et al., 1992;
Godunov, 1991). Worse yet, similarity transforms of the matrix, which
theoretically should leave theeigenvalues invariant, producematrices with quite
different eigenvalues.Thisexampledemonstratesconvincingly that without some
additional information on the matrix stability, engineering computations with
standard software packages may result in completely misleading conclusions.
This isdemonstrated in Figure2wherewepresent surfaceplot and pseudospectra
of theGodunov matrix (seetheupper row).As in our previousexample,any point
from the`̀crater'' region (seetheupper-left plot)can beconsidered asan eigenvalue
of the Godunov matrix with given accuracy. Under perturbations the `̀inside''
region grows and theeigenvalues moveon theperiphery of this region, far away
from the eigenvalues of the original matrix. This is clearly demonstrated by the
lower set of plots in Figure2, whereall seven eigenvalues areon theperiphery of
the `̀crater'' region. Some candidates for measures of non-normality for the
Godunov matrix aregiven in thesecond row of TableI.Weconcludethat, in cases
such asthis,condition numberscannot providereliablecharacteristicsfor thenon-
normality property. Instead, a good candidate for the reliable measure of non-
normality in engineering practicecould betheHenrici number. In Section 7wewill
study thequality of estimatesbased on theHenrici number.

Examples of a similar nature becomemore common in engineering
applicationsand include the Wilkinson matrices (Marquesand Tomazou,
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1995),La Rosetype matrices (Chaitin-Chatelin and Fraysse,1996),Tolosa
matrix (Braconnieret al., 1995),Pores3(Carprauxet al., 1994),the `̀ Kahan''
matrix (Toh and Trefethen,1996),Toeplitz matrices(Reicheland Trefethen,
1992)amongothers.Important examplesexist in the study of hydrodynamic
stability wherethesmoothflow maybeamplifiedby factorsof theorder105 by
a linear mechanism even though all eigenmodesdecay monotonically
(Trefethen,1997).

In theend,it is notaquestionof whichsoftwarepackagedoesbetter,nor is it
a choicebetweenfloating point or symbolic arithmetics that is of primary
importancein theexplanationof thephenomena, but rathera choiceof what is
feasibleandappropriateto compute.Pseudospectraprovidetheengineerwith a
usefultoolto makesuchachoice.

5. Spectrum dichotomy and the Lyapunov equation
Visualising capabilitiesof computationalpackagesreadily available to the
engineerprovidesa convenienttool for analysing numerical localisationof
operatorspectra.For symmetric(or moregenerallyHermitian matrices)this
analysisbecomesmoreor lesstrivial due to the fact that � -pseudospectraof
correspondingmatrices/operatorsform theunionof � -ballswith centresin the
points of their spectra.In the generalnon-Hermitiancasethe topology of
pseudospectramaybequitecomplexwith thepossibilityof becomingsplit into

Figure 2.
Surfaceand

pseudospectralplots of
the Godunovmatrix
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severalparts(groupedclustersof eigenvalues).Indeed,if an � -pseudospectrum
consistsof p isolatedparts (p � 1),and eachof theseparts containsseveral
eigenvalues,eigenvaluesbelongingto thesamepart might not beseparableby
any finite-time numerical procedure. Therefore, in those engineering
applicationswhich involve non-Hermitianmatrices and/or non-self-adjoint
operators,it is oftenmorereasonableto concentrateour effortson topological
aspectsof spectralproblemsthan on computationof individual eigenvalues.
This situation is typical in the stability analysisof model (4.15)where the
reasonablequestionto askwould behow � -spectraarelocatedwith respectto
theimaginaryaxis (lineardichotomy)or with respectto theunit circle(circular
dichotomy)etc.Indeed,the dichotomyproblemis closelyconnectedwith the
investigationof matrix/operator stability, and this connectioncanbeseenvia
model(4.15),thesolutionof whichcanbegivenin thematrix exponentformas

x…t†ˆ exp…tA†x…0†: …5:1†

If weassumethat x…0†canbegivenwith infinite precision,thenthestability of
the model will be defined by the behaviourof the matrix exponentitself,
exp…tA†. It is commonfor theengineerto think of thevalue

q ˆ min
jˆ 1;...;n

j< e� j…A†j …5:2†

as a conditionnumberof the matrix A (� j are eigenvaluesof the matrix A).
However,in reality this characteristicis not appropriatefor the descriptionof
exp(tA) when t > 0 is finite. Indeed,althoughthe parameter(5.2)may be an
adequate characteristic of matrix stability in the limit t ! 1 , many
engineeringapplicationsrequireaconclusionaboutthestability of themodelin
the casewhen 0 < t < 1 . This conclusioncannotbe drawn solely on the
informationabouttheparameterq.

It is moreappropriate,therefore,to confronttheproblemof matrix stability
with anapproachthat combinesinformationonspectraandresolvents.Sucha
combinationis at the heartof the Lyapunovmethodthat givesa criterion of
matrix A-stability. In the caseof real matricesthe following result (see,for
example,Godunovet al. (1992);Malyshev(1993)andreferencestherein)is the
keyto furtherconstructions.

Theorem3.1. If the following matrix equation(the`̀ continuous'' Lyapunov
equation)

AT X ‡ XA ˆ ÿ C …5:3†

is satisfiedfor somesymmetricpositive definite matricesX and C, then the
matrix A is stable.Conversely,if A is stable,thenthesolutionof theequation
(5.3)exists and is unique for any matrix C and may be representedby the
followingmatrix integral

X ˆ
Z 1

0
exp…tAT †Cexp…tA†dt: …5:4†
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From(5.4)it is clearthat,if C= CT > 0,thenthesolutionof (5.3)is alsopositive/
definite.In particular,if C= I wehave

X ˆ H ˆ
Z 1

0
exp…tAT †exp…tA†dt: …5:5†

We introducethe following measureof quality of matrix stability (all norms
belowarespectral):

� …A†ˆ 2jjAjjjj Hjj …5:6†

sometimesreferred to as the condition number of the problem on matrix
stability (seeMalyshev (1993)and referencestherein).The use of (5.6)as a
characteristicof matrix stability allowsusto derivethefollowing upperbound
onthematrix exponentialin (5.1):

jj exp…tA†jj � � t…A†ˆ
••••••••••
� …A†

p
exp‰ÿtjjAjj=� …A†Š: …5:7†

In turn thecondition (5.7) is essential in proving theconvergenceof thematrix
integral (5.4) (Godunov, 1991). Whereas the formula (5.7) couples the
characteristicsof quality of matrix stability with thetimevariable (the larger �
is the worse stability of A), the standard approach to the problem of stability
largely ignores this coupling.In Section4wehavedemonstrated theimportance
of sucha coupling,whichhas to betaken into account every timewedeal with
non-symmetric (ormoregenerally non-Hermitian) matrices. Sincein thegeneral
caseperturbations of eigenvalues of such matricesmay substantially exceed
perturbationsof matrix elements,thedeterminationof all eigenvalues(aswell as
theeigenbasis) fromtheJordan chains such as(2.8)may beinappropriate. The
difficulty with such an approach in engineering computations consists of the
fact that computational errors in the solution of the problem on spectral
dichotomy aredependent not only onthenorm of thematrix A but onthenorm
of matrix H aswell. As followsfrom theabovediscussion, theinformationonH
may beextracted from thesolution of theLyapunov equation.

Now,let us showhow suchdifficulties may beobviatedin thegeneralnon-
Hermitian case under the assumption that the matrix A does not have
eigenvalueson the imaginary axis.From the computational point of view we
haveto coupletheaccuracyof computationof thematrix H andthevalueof the
conditionnumber� …A†in thenumericalprocedure.Namely,if � is theerrorof
computationof H andEis thelowerboundontheconditionnumbersuchthat

jjH� ÿ Hjj � �; � …A†� E; …5:8†

then the consistencybetween� and E haveto be chosenwith respectto the
digital arithmeticof thecomputer.In principle,� maybearbitrarily small,yet it
is always positive.As we haveshownwith the examplesin Section4, there
might exist such � ˆ � …E†that the perturbedmatrix A� with jj � jj < � may
havea differentnumberof eigenvaluesin the left-handplanefrom thenumber
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of spectrumpointsthere.Sincein suchsituationswecannotrely oncomputing
individual eigenvalues,we will try to solvethe dichotomyproblemassuming
the absenceof eigenvalueson the imaginaryaxis (or on the unit circlefor the
circulardichotomy).This assumptionis requiredfor thefollowing reason.It is
well-known(see,for example,Godunov(1991);Godunovet al. (1992)),that the
problemof linear dichotomymay be viewedas the problemof constructing
projectiveoperatorsP andI ± P on the invariant manifoldsthat correspondto
the spectrumpoints on the left and on the right of the imaginary axis. The
quality of thedichotomycanbedefinedfrom the inequalities(5.8),whereH in
thegeneralcaseis definedastheLyapunovintegral

X ˆ HC ˆ
1

2�

Z 1

ÿ1
…A� ‡ itI †ÿ 1C…A ÿ itI †ÿ 1dt; …5:9†

whichprovidesthesolutionof the`̀ continuous'' Lyapunovequation

A� HC ‡ HCA ˆ ÿ C …5:10†

whenall thespectrumof A liesin theleft-handplane(i.e.P= I ).Now,if A does
not havepurely imaginary eigenvalues,then thereis an intrinsic connection
betweenoperatorHCandthesolutionof thedifferentialequation

dx
dt

ˆ Ax ‡ f …t† …5:11†

providedthat

jj f …t†jj < 1 when jtj < 1 : …5:12†

Undertheaboveconditionsthereexistsa uniquesolutionof theequation(5.11)
definedas

x…t†ˆ
Z 1

ÿ1
G…t ÿ s†f …s†ds; …5:13†

whereGis theGreenmatrix. Thenthesolutionof (5.10)mayberepresentedas
follows

HC ˆ
Z 1

ÿ1
G� …t†CG…t†dt: …5:14†

The Greenmatrix function is boundedby the valueof � t…A†(see(5.7)),and is
thesolutionof theequation:

dG…t†
dt

ˆ AG…t†‡ � …t†I ; …5:15†

where G…‡0†ÿ G…ÿ0†ˆ I : Furthermore,P ˆ G…‡0† and for all t; s > 0
functionG…t†hasthefollowingsemigroupproperty(Pazy,1983)
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G…t ‡ s†ˆ G…t†G…s†: …5:16†

Hence,computationsof theprojectiveoperatorP(aswell asHC)arereducibleto
the solution of a boundary value problem (5.15),and the accuracyof such
computationswill bedefinedby thevalueof � t…A†.Onemaycontrol� (see(5.8))
using an effectivenew methodproposedrecently in Gavrilyuk and Melnik
(1998).Themethodis basedontheCayleytransformtechnique(Gavrilyukand
Makarov,1996;1998;Gavrilyuk andMelnik,1998)

T 
 ˆ …
 I ÿ A†…
 I ‡ A†ÿ 1 …5:17†

and doesnot require the normality condition. It has beenproved that the
solution of the Lyapunov equation (5.10)for stable matrices A may be
representedin thefollowingform:

HC ˆ ÿ
1
2


C ‡ S ‡ 2T 
 …A� †CT
 …A†‡ T 
 …A� †ST
 …A†‡
�

2T 2

 …A� †CT2


 …A†‡ T 2

 …A� †ST2


 …A†‡ . . .
o

;
…5:18†

where S ˆ ÿ T 
 …A� †C ÿ CT
 …A†: Such a representationimplies a natural
approximationof H by HN

� with a finite numberof terms (N ‡ 1) in (5.18).
Then(seedetailsin Gavrilyuk andMakarov(1998))theestimate

jjH ÿ H� jj � 2jjCjj
~qN‡ 1

1ÿ ~q
…5:19†

with ~q ˆ maxfjj T 
 …A� †jj; jjT 
 …A†jjg < 1 provides an efficient way of
controllingtheaccuracyof computationof matrix H. Othermethodsof spectral
dichotomyhavebeenrecentlydiscussedin MalyshevandSadkane(1997).

An appropriateassumptionfor the applicability of the methoddescribed
above is strong positivenessand densely definitenessof the operator A
(Gavrilyuk and Makarov,1996;1998;Gavrilyuk and Melnik, 1998).For given
positivenumbers� and 
 (
 min � 
 � 
 max � 1 ) in the complexplaneC…we
defineaclosedpath(seeFigure3):

ÿ � ÿ…�; 
; A†ˆ R � …�; 
 †[ W…�; 
; A†: …5:20†

If A is anunboundedoperator,thenÿ consistsof two rays

R � …�; 
; A†ˆ f 
 exp…�i� †; 
 min � 
 � 
 maxg; …5:21†

andthecirculararc

W � Wmin…�; 
; A†ˆ fj zj ˆ 
 min; j argzj � � g: …5:22†

ForaboundedoperatorA,W consistsof 2arcsWmin andWmax (thesecondarc
is depictedin Figure3by adashedline).
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By (5.20)thecomplexplaneis divided into two setsasshownin Figure3, � ‡

and
 ÿ ; where

� ‡ ˆ f z 2 C…: 0 < � � j argzj < � g [ f z 2 C…: jzj � 
 g …5:23†

(for certain
 and� ),suchthat thefollowing connectionbetweenthesesets,the
resolventset� …A†,andthespectralset� ‡ …A†:

� ‡ � � …A†; � …A†� 
 ÿ …5:24†

hold.If wefurtherassumethat thereexistsaconstantM > 0suchthat

jj…zI ÿ A†ÿ 1jj �
M

1‡ jzj
8z 2 � ‡ ; …5:25†

thentheoperatorA is positiveif thereexistssuch�; 
; M > 0 that (5.23)-(5.25)
aresatisfied.The lowerbound� …A†� � …A; E†of all � for whichA is positive
is called the spectralangle of the operatorA. Now we are in a position to
formulatethe main conditionunderwhich the techniquedescribedwill work,
i.e.theconditionof strongpositivity of operatorA.

Definition5.1.A positiveoperatorA is calledstronglypositiveif its spectral
anglesatisfiestheinequality

� …A†<
�
2

: …5:26†

Figure 3.
Spectralangleand
positivenessof linear
operators
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Thereisanatural competition in theinequalities(5.25)and (4.9)which stemsfrom
theconnection between � ‡ …A†and � � …A†. Indeed, thecloser � 2 � � approaches
to an eigenvalueof thematrix A, thesmaller thevalue� and thelarger thenorm
jj…� I ÿ A†ÿ 1jj . Therefore, it may happen that,although theactual eigenvalues lie
on theleft of thecurveÿ , such points � occupy regions on theright of this curve.
This leadsnaturally totheconclusion that in thegeneral case

� ‡
� � � � …A†\ � ‡ …A†6̂ ; : …5:27†

Furthermore, weobservethat, when � ! 0‡ and theset � ‡
� contracts to a point,

thespectral angleapproachesto�= 2,

� …A†!
�
2

: …5:28†

Asaresult of (5.28), M ! 1 in (5.25)and, strictly speaking, onemay useneither
the assumption of strong positivity of A nor the assumption on the absence of
purely imaginary eigenvalues. Although these difficulties have a fundamental
theoretical nature, in practice they can be overcome by visualising topological
neighbourhoodsof eigenvalues.

6. Constructing spectral portraits
A number of algorithms are available in the literature for computing
pseudospectraand the subsequentconstructionof spectral portraits. This
includes(seeChaitin-Chatelin and Fraysse(1996);Marquesand Toumazou
(1995);Braconnier(1997);Braconnieret al. (1997);Braconnierand Higham
(1996);Fraysseetal.(1996)andreferencestherein):

. singularvaluedecomposition;

. Lanczosalgorithmontheaugmentedmatrix;

. shift-and-invertalgorithms.

Thecoreof all suchalgorithmscontainsthefollowingsteps:

(1) determinationof aregionR of interestin C…;

(2) discretisationof this region(seebelow);

(3) computationof thevaluek…A ÿ zI†ÿ 1k2 for eachpointz 2 R;

(4) displaythecomputedvaluesfor z 2 R.

Belowwebriefly describedifferentoptionsfor thesesteps.
Step1 for selectingthe regionwhich containsthe valuesof interestfor a

spectralportrait canbecompletedusinganumberof availablealgorithmssuch
asQRalgorithm,theGershgorindisk algorithm,matrix normalgorithm,field
of valuesalgorithm(BraconnierandHigham,1996).The latter is oftenchosen
asthemostefficientin termsof thetotal computationalcost(Braconnieretal.,
1997).This algorithmconsistsof computingthefield of valuesusingthesetof
Rayleighquotientsasfollows
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F…A†ˆ
z� Az
z� z

: z 2 C…; z 6ˆ 0
� �

: …6:1†

Then the computationof boundaryof F(A) canbe doneeasily if we split the
matrix into its Hermitianandskew-Hermitianparts:

z� Az ˆ z� AHz‡ z� ASz; whereAH ˆ …A ‡ A� †=2; AS ˆ …A ÿ A� †=2 …6:2†

andnoticethat

min…max†fRe…! †: ! 2 F…A†gˆ min…max†z6 0̂
z� AHz

z� z
ˆ � min…max†…AH†: …6:3†

We can apply the same procedure to any matrix A� ˆ ei� A (indeed,
F…ei� A†ˆ ei� F…A†).However,sinceF…A†is a convexset,wehaveto apply the
aboveprocedure(i.e. to computeextremumeigenvaluesfor two Hermitian
matrices)only twice,for � ˆ 0and� ˆ �= 2.

Step2 involvesdealingwith theresolventof a linearoperatorA for aregular
point, � 2 C…, of the operator,i.e. R� ˆ …� I ÿ A†ÿ 1. We may expectthat the
pointsof � -pseudospectrumfill someneighbourhoodsof `̀ exact'' eigenvaluesof
A. Thereforein the complexplane(to besimulatedby screen)we introducea
rectangulargrid with acomputerpointwith which(monitorpixel)weassociate
a small rectanglethesizeof which may becontrolled.To eachsmall rectangle
weassignacolournumberrelatedto thevalueof � at thecentrein thecomplex
plane.Further,for eachof such� wecompute� asfollows

� ˆ
1

jjAjjjj R� …A†jj
ˆ

1

jjAjjjj…� I ÿ A†ÿ 1jj
ˆ

� n…� I ÿ A†
� 1…A†

; …6:4†

where � max ˆ � 1 � � 2 � . . . � � n ˆ � min are singular values of the
correspondingn � n matrices.Dependingon the value of the ratio (6.4)we
definethe colourthat is usedto fill-in the rectanglewhich correspondsto the
specificvalue�: Forexample,in computationspresentedin Sections4and7we
definedL (L ˆ 30)differentintervalsfor � usingthefollowingrule:

2 � 2ÿ 3m � � < 2 � 2ÿ 3…mÿ 1†; m ˆ 1; . . . ; 29; …6:5†

0 � � � 2 � 2ÿ 3…30ÿ 1† ˆ 2 � 2ÿ 87 ˆ 1:2925� 10ÿ 26; m ˆ 30: …6:6†

Then we assignan integernumberto eachinterval (6.5)-(6.6)accordingto the
rule

m ˆ …1ÿ log2 � †=3‰ Š: …6:7†

Forexample,for m ˆ 22wehave

2 � 2ÿ 66 � � < 2 � 2ÿ 63; i.e.2:7105� 10ÿ 20 � � < 2:1684� 10ÿ 19 etc.
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Step 3 is the most time-consumingpart of the procedureand involves
computationof k…A ÿ zI†ÿ 1k2 for complexnumberszof a predefinedregionof
interestR � C…. Oneof the simplestalgorithms,yet very reliable,is basedon
theuseof thesingularvaluedecomposition(SVD),whoseapplicationis based
onthefollowingobservation

k…A ÿ zI†ÿ 1k2 ˆ � ÿ 1
min…A ÿ zI†; …6:8†

where� min…A ÿ zI† is the smallestsingular value of A ÿ zI. Recallthat the
singularvaluedecompositionof A is

A ˆ U� V � ; or Avj ˆ � juj; j ˆ 1; . . . ; n; …6:9†

whereU (resp.V) is a unitary eigenbasisfor AA � (resp.A� A). The singular
value � j gives metric informationabout A. WhenA is non-normal, the SVD
contains information about A which is more reliable and more robust to
perturbationsthan the information provided by the spectraldecomposition
(Chaitin-Chatelin,1996;GolubandvanLoan,1989;Trefethen,1992).In thewide
rangeof valuesof k…A ÿ zI†ÿ 1k2 (say,10ÿ 1 ÿ 1012) this algorithm performs
well. Its maindrawbackis relativelylargecomputationaltimeandthememory
requirements (of order n2). Therefore, for larger matrices Lanczos-type
algorithms and the Arnoldi (Krylov subspace)iterations provide a useful
alternativeto theSVDdecomposition(BraconnierandHigham,1996;Carpraux
et al., 1994).Sincetheir efficiencydeteriorateswhenk…A ÿ zI†ÿ 1k2 is small,a
different techniquessuch as the shift and invert may provide further
improvement(Braconnier,1997).Thereviewof suchtechniquescanbefoundin
Trefethen(1999).

The ideaof spectralportraits comesnaturally if togetherwith thematrix A
we considera family F of perturbedmatrices.This allowsus to dealwith the
union of all spectraof F -representatives.In this casethe spectralnorm of
matrix A (invariantwith respectto orthogonaltransformations),

jjAjj ˆ supfjj Axjj : jjxjj ˆ 1g ˆ � max…A†; …6:10†

is not sufficientto provideanappropriatecharacteristiconthebehaviourof all
representativesof theF -family.Oneneedsthe informationon theresolventof
A and such information shouldbe coupledto the algorithm of computation.
This is donein Step4 of thealgorithmthrough� whichallowsusto implement
a hierarchy of different levels of perturbations. As a result of such
implementationwe obtain the visual representationof � -pseudospectraof
matricesor operatorson the screenof the monitor. If for somematricesor
operatorsthe regionswith sufficiently small � becomelarge,oneshouldpay
increasingattentionto the geometryof suchregionalboundaries.They may
becomeessentiallyirregular with patching patterns clearly visible on the
screenof themonitor.In fact,onemayexpectthat in theneighbouringpixels�
may take values from different intervals. These difficulties become
increasinglynoticeablewhen� ! 0‡ .
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7. Concluding examples and future directions
Importantexamplesof instability in engineeringcomputationsareprovidedby
matricesassociatedwith polynomials.Oneof theclassicalexamplesis givenby
the La Rosematrix (see,for example,Chaitin-Chatelinand Fraysse(1996);
Marquesand Tamazou(1995)).In solving spectralproblemsassociatedwith
suchmatrices,it is important to takeinto accountnot only the informationon
the spectralnorm of the matrix, but also the information on the norm of its
resolvent.One of the reasonsfor this stems from the fact that condition
numbersmay not be appropriatecharacteristicsof non-normality of such
matrices.

Consider,for example,thefollowingpolynomial

P0…x†ˆ …x ‡ 4†3x2…x ‡ 1†3…x ‡ 2†2 ˆ
X10

iˆ 0

aixi; …7:1†

where

a0 ˆ a1 ˆ 0; a2 ˆ 256; a3 ˆ 1; 216; a4 ˆ 2; 416; a5 ˆ 2; 612;

a6 ˆ 1; 676; a7 ˆ 653; a8 ˆ 153; a9 ˆ 19;

anddefinethecompanionmatrix R ˆ f r i;jg
10
i;jˆ 1 of this polynomialby

r10;i ˆ ÿ aiÿ 1; i ˆ 1; . . . ; 10; r i;j‡ 1 ˆ 1; j ˆ 1; . . . ; 9: …7:2†

Other elementsof the matrix (7.2)are zero.This matrix, which is a typical
exampleof non-normalmatrices,doesnot have any single eigenvalue.All
eigenvalues,±4,±2,±1,0, are defectiveeigenvaluesof multiplicity 3, 2, 3, 2,
respectively.Somefunctionsandestimatesfor this matrix aregivenin thelast
row of TableI. As expectedin this case,theconditionsnumbercannotprovide
anappropriatetool to characterisethenon-normalitypropertyof this matrix.

Many polynomialmatricesthat arisefrom engineeringapplicationsdepend
on a parameterthat may vary. In suchcasesit is very important to analyse
pseudospectrafor different values of the parameter, using reliable
characteristicsof matrix non-normality.Our next exampleexplainsthis point
in detail.Weconsiderthefollowingparametricpolynomial:

P� …x; � †ˆ …x2 ‡ 2x ‡ � †3…x ‡ 2†…x ‡ 3†…x ÿ 6†2 ˆ
X10

iˆ 0

aix
i; …7:3†

where� is aparameter,

a0 ˆ 216� 3; a1 ˆ 1; 296� 2 ‡ 108� 3; a2 ˆ 2; 592� ‡ 1; 296� 2 ÿ 18� 3;

a3 ˆ 1; 728‡ 3; 888� ‡ 216� 2 ÿ 7� 3; a4 ˆ 3; 456‡ ‡ 1; 728� ÿ 96� 2 ‡ � 3;

a5 ˆ 2; 448‡ 24� ÿ 15� 2; a6 ˆ 592ÿ 126� ‡ 3� 2; a7 ˆ ÿ 76ÿ 9�;

a8 ˆ ÿ 48‡ 3�; a9 ˆ ÿ 1; a10 ˆ 1:
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Usingthesameprocedurefor (7.3)asfor (7.1),weconstructaparametricmatrix
(7.2)associatedwith (7.3).Westart from � ˆ ÿ 1.Thesurfaceplot andtheplot
of pseudospectrafor this casearepresentedin Figure4 (seethesetof plots in
theupperrow).Notethat in additionto two singleeigenvalues±2and±3,and
eigenvalue6of multiplicity 2,theconstructedmatrix hasnowalsotwo distinct
eigenvalues,ÿ 1 �

•••
2

p
. It might happenthat, within the given accuracy,the

region that correspondsto eigenvalues±2 and ÿ 1ÿ
•••
2

p
� ÿ 2:4142almost

mergeswith the regioncorrespondingto eigenvalue±3.However,the surface
plot helpsto identify threedistinct peaksthat correspondto theseeigenvalues.
A very interestingbehaviourexhibitstheregionthat correspondsto eigenvalue
ÿ 1‡

•••
2

p
� 0:442.Thepeakcorrespondingto this eigenvalue(presentedin the

surface plot) and the deepeningof the region (from the right) in the
pseudospectraplot showanapproximatelocationof this eigenvalue.

The situationchangesfor � ˆ 0:5 (seethe setof plots in the middlerow in
Figure 4). The increasingvalue of � leadsto a re-orientationof the above
regions.Indeed,now the regionthat correspondsto threeeigenvalues,±3,±2
and ÿ 1ÿ

•••
2

p
=2 � ÿ 1:7071splits into threesub-regions,while the deepening

(from the left) of the central region indicates the presenceof eigenvalue
ÿ 1‡

•••
2

p
=2 � ÿ 0:2929.

A further increasein � leadsto the`̀ diffusion'' of thecentralregionto theleft
which, in turn, leadsto the enlargementof distancesbetweenthe abovethree

Figure 4.
Surfaceand

pseudospectralplots of
the parametricmatrix

associatedwith (7.3)for
different valuesof

parameter�
(� = ±1;0.5;1).
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sub-regions(seethe set of plots in the lower row in Figure 4 wherethe case
� ˆ 1 is presented).Now,however,thesethreesub-regionscorrespondto two
eigenvaluesonly, ±3 and ±2. The `̀diffused'' central region correspondsto
eigenvalue±1of multiplicity 2andhence,thecorrespondingpeakin thesurface
plot movesto theleft fromtheimaginaryaxis.

Sinceparametersmay influencesubstantiallyon topologicalpropertiesof
pseudospectra,as demonstratedby the aboveexample,we investigatethis
issuefurther. In particular,we computethe following four characteristicsof
non-normalityof matrix A asfunctionsof parameter� :

(1) � 1…A†,definedby formula(4.1);

(2) � 2…A†,definedby (4.2);

(3) He…A†definedby (4.3);and

(4) the low boundof the Smith inequality (see(4.5)),i.e.the Henrici-Smith
numberHeS(A).

The correspondingplotsarepresentedin Figure5 (fromleft to right andfrom
top to bottom, respectively).These functions of � provide a qualitative
descriptionof thebehaviourof thenon-normalmatrix associatedwith (7.3).It is
seen that the scaling units of the Henrici-Smith number are the most
appropriate for this description.After a local minimum at � � ÿ 0:5, we
observethegrowth of non-normalityof theparametricmatrix associatedwith

Figure 5.
Non-normalitymeasures
of the matrix associated
with (7.3)(asfunctions
of � )
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(7.3).This behavioursuggeststhat sufficiently largevaluesof � canprovidea
deeperinsight into theeffectof differentperturbationpatterns.Wefix � at 100
andconstructperturbedmatricesaccordingto thefollowingprinciple

A ˆ A ‡ 10ÿ 5 z ~A; …7:4†

where

z ˆ cos…� j†‡ i sin…� j†; � j ˆ
�
4

…j ÿ 1†; and ~A ˆ rand…size…A; 2††: …7:5†

We note that in addition to single eigenvalues±2, ±3 and eigenvalue6 of
multiplicity 2 which we have dealt with before,now we have two complex
conjugateeigenvaluesÿ 1 �

•••••
99

p
. Weshowthat underperturbationsof matrix

A this leadsto the break of the symmetry with respectto the real axis. By
increasingj, we increase� j, moving its valuesalonga unit circlez ˆ exp…i� j†
clockwise.In Figure6 we presentcontourplots for the original matrix A and
for the perturbedmatricesobtainedfrom (7.5)for j ˆ 1, j ˆ 3, j ˆ 4, j ˆ 5,
j ˆ 7,respectively(fromleft to right andfromtopto bottom).

Regionsof all eigenvalues(including complex)of the original matrix are
clearly identifiable in Figure 6. Taking � j ˆ 0 (that is j ˆ 1 and z ˆ 1) will
result in the splitting of regions that correspondto complexand multiple

Figure 6.
Pseudospectralplots of
the parametricmatrix

associatedwith (7.3)
underdifferent

perturbationpatterns
(� = ±0.5)
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eigenvalues.Moving along the unit circle about the angle � j ˆ �= 2 (that is
j ˆ 3andz ˆ i)will breakthesymmetry.This is alsodemonstratedby thenext
plot presentedfor � j ˆ 3�= 4 (j ˆ 4 and z ˆ ÿ

•••
2

p
=2‡ i

•••
2

p
=2). As expected,

real valuesof z tend to restorethe symmetrywith respectto the real axis,as
demonstratedby the next plot presentedfor � j ˆ � (j ˆ 5 and z ˆ ÿ 1).The
splitting of theregionthat correspondsto eigenvalue6of multiplicity 2,aswell
as the region that correspondsto the pair of complex eigenvaluesare
demonstratedby the next plot of Figure 6 presentedfor � j ˆ 3�= 2 (j ˆ 7,
z ˆ ÿ i). This behaviourleadsto the formationof patcheswhich characterise
thesameeigenvaluewith givenaccuracy.

In our last experiment the value of � = ±0.5 is chosento give an
approximation to local minima of functions � 1…A†; � 2…A†; He…A†; HeS…A†
presentedin Figure5.In this experimentweanalysethemaincharacteristicsof
non-normality,� 1…A†; � 2…A†; He…A†; and Hes…A†as functions of j, and hence,
accordingto (7.5),functionsof � j. As functionsof � j, goodmeasuresof non-
normality haveto exhibit a periodicbehaviourwhen� j movesalongthe unit
circlez = exp (i� j†:However,this periodicity is observedneitherfor � 1…A†nor
for � 2…A†. In fact, thesefunctionsexhibit a non-periodicoscillatorybehaviour
in a closevicinity of values3.745� 103 and1.9839� 107, respectively.At the
sametime, the Henrici number(the upper plot in Figure 7) and the Henrici-
Smithnumber(thelowerplot in Figure7)providegoodengineeringmeasures
of non-normality.

Ourconcludingremarksaddressthreemajorissues:

(1) Any similarity transformation or other technique performed
computationally on an operator or a matrix does perturb its spectrum. As
aresult,any computational packagewill provideonly pointsof thespectra
of perturbed rather than unperturbed operators/matrices. Thismeans that
the computed numbers, widely accepted as eigenvalues in a variety of
applied engineeringproblems,arejust asubset of the� -pseudospectrumof
the original operator/matrix. Of course, the `̀original'' operators/matrices
themselves might only be given approximately. Furthermore, no matter
how small � is, if it is fixed within certain bounds, there always exist
operators/matrices with large regions of pseudospectra for any � -bounds
chosen a priori. In such cases a substantial error in computation of

Figure 7.
Non-normalitymeasures
of the matrix associated
with (7.3)(asfunctions
of j)
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eigenvalues is inevitable. Having an algorithm for computing `̀pure''
numbers does not necessarily lead to the correct conclusion on the
behaviour operators/matrices. In order todraw adequateconclusionssuch
numbershavetobesupplemented by spectral portraitsof theinvestigated
operators/matrices(Trefethen,1992;1997;1999).

(2) Sincethe classicalconvergenceconditionssuch as that requiring the
spectralradiusto belessthan 1 (� …A†< 1)may not begenericenough
for finite precisioncomputations(Chaitin-Chatelinand Gratton,1996),
an important developmentof the presentedwork is the analysis of
convergencepropertiesof numericalproceduresin the discretisationof
evolutionarypartial differentialequations.Indeed,it is oftenappropriate
to formulate necessaryand sufficient conditions of convergenceof
numericalmethodsin termsof pseudospectra(ReddyandHenningson,
1993;Trefethen,1992),and the Kreiss matrix theoremtechniquehas
beenproved to be a useful tool in the analysisof thesemethods(see
Trefethen (1999)and Chaitin-Chatelinet al. (1999)and references
therein).Using the idea of pseudospectra,convergenceof convection-
diffusion modelswas recentlyanalysedin Harrabi (1998b)and a new
numerical procedure for these models was recently proposed in
Gavrilyuk andMelnik (1998).

(3) Sincethe stability analysis is relative to the choiceof the class of
perturbations,anotherimportant issueto be addressedin the future is
thecharacterisationof theclassof perturbationsgeneratedby thefinite
precisionarithmetic. Indeed,due to natural limitations of numerical
stability in finite precision computations, one has to couple the
arithmeticprecisionwith all computationalparametersand input data
(Chaitin-Chaletinand Fraysse,1996).This idealeadsto a fresh look at
asymptotic methodsapplied in the theory of singular perturbations.
Typically, an asymptotic expansion, say U� , may provide an
approximationto the solution of the investigatedproblemunder the
assumptionof � ! 0‡ : In all practicalproblems� maybesmall,yet it is
alwayspositiveandfixed,providingtheupperlimit onperturbations. In
such situations there always exist exampleswhen U� may provide
completelymisleadingresultscomparedto the solutionof the original
problems(seealsoMelnik and Melnik (1997);Melnik (1997)).From the
theoreticalpoint of view, evenif we formally considera mathematical
model as unperturbed, we have to investigate its stability to
perturbation in a typically infinite dimensionalspacewider than the
state spaceof the system.The natural choicefor such a spaceis a
non-reflexivespacesuch as L1 (rather than L2 as it is commonly
accepted).This idea has been recently developedfrom different
directionsin BorweinandZhu(1997);Melnik (1997);TveitoandWinther
(1995)wherelinks to the recentadvancesin control theory as well as
numericalprocedurescanalsobefound.
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